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In the framework of potential models for heavy quarkonium the mass spectrum for the system
(b¯c) is considered. Spin-dependent splittings, taking into account a change of a constant for
effective coulomb interaction between the quarks, and widths of radiative transitions between
the (b¯c) levels are calculated. In the framework of QCD sum rules, masses of the lightest
vector B∗c and pseudoscalar Bc states are estimated, scaling relation for leptonic constants of
heavy quarkonia is derived, and the leptonic constant fBc is evaluated. The Bc decays are
considered in the framework of both the potential models and the QCD sum rules, where the
significance of Coulomb-like corrections is shown. The relations, following from the approximate
spin symmetry for the heavy quarks in the heavy quarkonium, are analysed for the form factors
of the semileptonic weak exclusive decays of Bc. The Bc lifetime is evaluated with the account
of the corrections to the spectator mechanism of the decay, because of the quark binding into
the meson. The total and differential cross sections of the Bc production in different interactions
are calculated. The analytic expressions for the fragmentational production cross sections of Bc
are derived. The possibility of the practical Bc search in the current and planning experiments
at electron-positron and hadron colliders is analysed.
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1. Introduction
A complete picture for both precise tests of the Standard Model [1] and a search of
effects from new physics supposes a direct measurement of the three-boson electroweak
vertex, searches of higgs particles [2], the supermultiplets [3] etc. at colliders of super
high energies (LEP200, LHC) as well as a study of the CP violation and a measurement
of the fundamental parameters of the electroweak theory (first of all, in the heavy quark
sector).
In the nearest decade, the centre of efforts, directed to the realization of this program,
will certainly be in the field of the heavy quark physics at both the running colliders (LEP
and Fermilab) and the B meson factories, being planned in SLAC, KEK and at HERA-B.
In this case, the extraction of effects, related with high values of the energy scale, will
be essentially determined by an accuracy of the theoretical and empirical knowledge on
mechanisms of the quark interactions at non high energy and, first of all, about effects,
caused by the QCD dynamics [4]. Therefore, the experimental researches of processes
with the heavy c-, b-, t-quarks take a special importance.
The presence of the small parameter ΛQCD/mQ, where ΛQCD is the scale of the quark
confinement and mQ is the heavy quark mass, has allowed one to develop the powerful
tools for the study of the QCD dynamics in the heavy quark interactions, such methods as
the phenomenological potential models [5–10], the QCD sum rules [11–13] and Effective
Heavy Quark Theory (EHQT) [14], that is successfully applied for the study of hadrons,
containing a single heavy quark. Thus, the investigation of the processes with the heavy
quarks allows one to extract and to study nonperturbative QCD effects, causing the
quark hadronization, by means of the use of the heavy quark as the ”marked” atoms. A
successful realization of such program of studies becomes possible due to the progress in
the experimental technique of the detecting and the identification of particles (mainly, it
is related with the invention and the improvement of the vertex detectors, allowing one
to observe the heavy quark particles due to its running gap from the primary vertex of
the interaction).
Among the heavy quarkonia (QQ¯′), the (b¯c) system with the open charm and beauty
takes a particular place. In contrast to the hidden charm (cc¯) and beauty (bb¯) families,
studied in details experimentally [15] and being quite accurately described theoretically
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[13,16,17], the heavy quarkonium (b¯c), the family of Bc mesons, has some specific pro-
duction and decay mechanisms and the spectroscopy, whose study allows one to extend
and to enforce the quantitative understanding of the QCD dynamics as well as to step
forward in the study of the most important parameters of the electroweak theory.
From the spectroscopy viewpoint, the (b¯c) system is the heavy quarkonium, whose
spectrum can be quite reliably calculated in the framework of the QCD-motivated non-
relativistic potential models as well as in the QCD sum rules. (b¯c) is the only system,
composed of two heavy quarks, where the description of this system mass spectrum can
test the selfconsistency for the potential models and the QCD sum rules, whose parameters
(the quark masses, for instance) have been fixed from the fitting of the spectroscopic data
on the charmonium and bottomonium. Thus, the study of the Bc family spectroscopy can
serve for the essential improvement of the quantitative characteristics of the quark models
and the QCD sum rules, which are intensively applied in other fields of the heavy quark
physics (for example, when one extracts values of elements in the matrix of mixings of
the heavy quark weak charged currents and one estimates contributions, interfering with
the effects of the CP invariance violation, in the heavy hadron decays [18]).
Moreover, there is a problem of the precise description of the P -wave level splittings
in the charmonium and bottomonium, when the experimental measurement has found an
essential deviation from the values, which have been expected in some well-acknowledged
quark models [19]. The study of the Bc meson family can help in a solution of this
problem.
In addition, the (b¯c) system is interesting due to that it allows one, in a new way,
to use the phenomenological information, obtained from the detailed experimental study
of the charmonium and bottomonium. So, for example, (b¯c) takes an intermediate place
between the charmonium and bottomonium in respect to both the system level masses
and the values of average distances between the heavy quarks. As has been clarified, in
the region of the average distances in the (cc¯) and (bb¯) systems, the heavy quark potential
possesses the simple scaling properties [8,20,57], which state that the kinetic energy of
the heavy quarks is practically a constant value, independent of the quark flavours and
the excitation level in the heavy quarkonium system. Furthermore, this leads to that
the heavy quarkonium level density (the distance between the nL and n′L levels) does
not depend on the flavours of quarks, composing the heavy quarkonium. This regularity
is quite accurately valid empirically for the (cc¯) and (bb¯) systems and it can be used in
the framework of the QCD sum rules, where a scaling relation, connecting the leptonic
constants of the S-wave levels in the different quarkonia [21,22], is derived.
Further, having no strong and electromagnetic annihilation channels of decays, the
excited (b¯c) system levels, being below the threshold of the decay into the BD meson pair,
will decay into the lightest basic pseudoscalar state B+c (0
−) due to the radiative cascade
transitions into the underlying levels. Therefore, the widths of the electromagnetic (γ)
and hadronic (ππ, η, ...) radiative decays of the given excitation into the other levels will
compose its total width. As a result, the total widths of the excited levels in the (b¯c)
system turn out two orders of magnitude less than the total widths of the charmonium and
bottomonium excited levels, for which the annihilation channels are essential. Moreover,
maybe, the data on the radiative hadronic decays in the (b¯c) family give a possibility
for one to solve some problems on the theory of the hadronic transitions in the heavy
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quarkonia (for example, the problem on the anomalous distribution over the ππ pair
invariant mass in the decay of Υ′′ → Υππ [23–28]).
Thus, on the one hand, the methods, applied in the heavy quark physics, are able quite
reliably to point out the spectroscopic characteristics of the (b¯c) system for one to make
a purposefully-directed experimental search of the given heavy quarkonium, and, on the
other hand, the measurement of the spectroscopic data in the Bc family would allow one
to improve these methods approaches for the extraction of the fundamental parameters
of the Standard Model from both the Bc meson physics and the other fields of the heavy
quark physics.
Like the other mesons with the open flavour, the basic state of the Bc meson family,
the pseudoscalar meson B+c (0
−), is the long-living particle, decaying due to the weak
interaction and having the life time, comparable with the lifetimes of B and D mesons, so
this feature essentially distinguishes Bc from the heavy quarkonia ηc and ηb. Therefore, the
study of Bc meson decays is the rich field of the heavy quark physics, where one extracts
an important information about both the QCD dynamics and the weak interactions. The
spectroscopic Bc meson characteristics such as the leptonic constant, determining the
width of the wave package of the (b¯c) system in the basic state, essentially determine
the description of the Bc decay modes, in which some specific features and effects are
observed.
First of all, the presence of the valent heavy quark-spectator leads to a large probability
for the Bc decay modes with the heavy mesons in the final state, i.e. in the decays
Bc → ψ(ηc) and Bc → B(∗)s [29–36]. The large ψ particle yield is interesting, in addition,
by that the ψ particle has the perfect experimental signature in the leptonic decay mode.
Further, in the consideration of the semileptonic B+c → ψ(ηc)l+ν decays, the non-
relativistic heavy quark motion inside the quarkonia leads to an essential effect, caused
by large Coulomb-like corrections, which notably change the calculation results for these
decays in the framework of the QCD sum rules [31]. Only the taking into the account
these corrections makes the results of the QCD sum rules and the potential quark models
to be consistent.
Recently, considering the semileptonic transitions of the heavy quarks Q→ Q′lν in the
framework of the Effective Heavy Quark Theory (EHQT) for hadrons with a single heavy
quark (Qq¯, Qqq), one has stated the universal regularities [14], which serve, for example,
for the model independent extraction of the Kobayashi–Maskawa matrix element value
|Vbc|. This universality in the limit of ΛQCD/mQ → 0 is caused by the heavy quark
flavour-independence of the light quark motion in the gluon field of the static source (the
heavy quark), so that the wave functions of such hadrons are universal. In the case of
the heavy quarkonium with two heavy quarks, the distances between the quarks depend
on the values and ratios of its masses, i.e. the wave functions of the heavy quarkonia are
not universal and depend on the quark flavours. However, in this case, one can neglect
a low value of the spin-dependent splitting in the heavy quarkonium and suppose the
wave functions of the nLJ quarkonia to be J-independent. This fact finds the expression
in an approximate spin-symmetry for the heavy quarks, so it puts some relations on the
form factors of the weak semileptonic exclusive decays of Bc [37]. Such relations for
the form factors are universal and characteristic for the Bc meson and reflect the high
power of understanding the heavy quark decay dynamics, needing a direct experimental
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verification.
Considering the Bc decays with the spectator b-quark, one has particularly to note
an essential role of the effects, caused by that the c-quark is not in the free state, but in
the bound one. The decrease of the phase space for the c-quark decay within the heavy
quarkonium makes the probability of the decay to be 40 % less than the probability in
the D and Ds meson decays [34]. The annihilation channel of the weak Bc meson decay
[52], allowing one to determine the value of the quark wave function at the origin |Ψ(0)|2,
acquires the important meaning, too.
As in the case of the (b¯c) system spectroscopy, the heavy quark theory is able to make
the basic predictions on the mechanisms of the Bc meson decays, whose characteristics
measurement would allow one essentially to develop the methods of its description and
also to use these methods for the precise investigations of the Standard Model as well as
possible deviations from predictions of the latter.
In the case of the Bc meson production, a low value of the ΛQCD/mQ ratio and,
hence, the low value of the quark-gluon coupling αS ∼ 1/ ln(mQ/ΛQCD) ≪ 1 allow one
to make the consideration of the pair production of the bb¯ and cc¯ quarks, from which the
Bc meson is formed, in the framework of the perturbative QCD theory, and also, in a
way, to factorize contributions, caused by the perturbative production of heavy quarks
and forthcoming nonperturbative binding of the latter into the heavy quarkonium. So,
to calculate the cross sections of the S-wave Bc state production in the Z boson peak is
enough to compute the matrix elements for the joint production of the bb¯ and cc¯ pairs
in the colour-singlet state of the (b¯c) pair with the fixed total spin of quarks (S = 0, 1),
when the quarks, being bound into the meson, move with one and the same velocity,
equal to the meson velocity. After that, one has to multiply these matrix elements by the
nonperturbative factor, whose value is determined by the spectroscopic characteristics of
the bound state (the quark masses and the leptonic constant, related with the probability
of the observation of quarks at the zero distance between them in the bound state) [38–47].
The last notion is caused by that the characteristic virtualities of heavy quarks inside the
heavy quarkonium are much less than its masses, since the heavy quarks inside the bound
states are moving nonrelativistically, otherwise the quark virtualities in its production are
of the order of its masses. Therefore, considering the Bc production, one can assume,
that, inside the meson, the b¯- and c-quarks are close to the mass shell and practically at
rest in respect to each other. Thus, after the extraction of the nonperturbative factor,
the analysis of the Bc heavy quarkonium production is determined by the consideration
of the matrix elements, calculated in the perturbation theory of QCD.
Note first of all, that the necessity of the two pair production of heavy quarks in the
electromagnetic and strong processes for the Bc yield leads to that the leading order of
the perturbative QCD has an additional factor of the suppression ∼ α2S in respect to the
leading order of the perturbation theory for the production of the single flavour heavy
quarks, for example, the bb¯ pair (see Figures 7, 9), so σ(Bc)/σ(bb¯) ∼ α2S|Ψ(0)|2/m3c . This
causes the low yield of the Bc mesons in respect to the B meson production.
The analysis of the leading approximation in the perturbative QCD for the Bc meson
production allows one to derive a number of analytical expressions for the Bc production
cross sections [38,39], where one has especially to stress the expressions for the functions of
the heavy quark fragmentation into the heavy quarkonium in the scaling limit M2/s→ 0,
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so these functions are determined by the values of αS, the quark masses and the leptonic
constant of the meson [42–44]. Thus, the fragmentational Bc production can be reliably
described by the analytical expressions, so this opens new possibilities in the study of
the QCD dynamics, essential in the complete picture of the heavy quark physics. As one
can show, the fragmentational Bc production certainly dominates in the Z boson decays
[44], so that it can be straightforwardly studied at the LEP facilities. Moreover, one can
analytically study notable spin effects in the fragmentation into the vector B∗c meson [48],
decaying electromagnetically B∗c → Bcγ.
In the hadronic Bc production, patron processes at the energies, comparable with the
Bc mass, dominate, so that the processes, having the character of the fragmentational
and also recombinational type [38,46] (see Figure 9), are essential.
Further, the numerical estimates of the Bc meson yield at the colliders LEP and
Tevatron show that the fraction of the Bc mesons in the production of the beauty hadrons
is of the order of 10−3 [38–47,49]. This leads to that at the current experimental facilities,
a quite large number of the Bc mesons are being produced.
Thus, one can point out the expected number of the Bc mesons, being produced at
different colliders, and the differential Bc characteristics, whose experimental study would
significantly clarify the picture of the QCD interactions of heavy quarks.
A solution of the problem on the experimental discovery and study of the Bc mesons
is determined, first, by the theoretical description of the characteristics of the Bc meson
family (the spectroscopy, the production and decay mechanisms), so that the present
review is devoted to this purpose. Second, this program is determined by the experimental
methodics at the current detectors, so that the latter would allow one to observe the events
with the Bc production and decays, predicted by the theory. As for the second part of the
problem, at present there is, as mentioned, the colossal progress, related with the use of
the electronic vertex detectors, possessing the fast operation and allowing one to isolate
the processes with the long living particles (B, Bc, D) from the production processes
(the technique of distinguishing the primary and secondary vertices), and also accurately
to reconstruct the decay vertices of the particles in space [50]. The presence of distinct
signatures in the Bc meson decays and the practical possibility for the registration of
these decay modes have led to the real chance of the Bc meson discovery at the LEP and
Fermilab detectors [51] as well as to the sharp rise of the theoretical interest to the (b¯c)
system. The latter has reflected in the achievement of a large number of the essential
results in the consideration of the heavy quark interaction mechanisms at the example of
Bc mesons. So, the present paper is devoted to the review of these results.
2. Spectroscopy of Bc mesons
Some preliminary estimates of the bound state masses of the (b¯c) system have been
made in [5,6], devoted to the description of the charmonium and bottomonium proper-
ties, as well as in ref.[52]. Recently in refs.[53] and [35], the revised analysis of the Bc
spectroscopy has been performed in the framework of the potential approach and QCD
sum rules.
In the present section we consider the (b¯c) spectroscopy with account of the change
of the effective Coulomb interaction constant, defining spin-dependent splittings of the
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quarkonium levels. We calculate the widths of radiative transitions between the levels and
analyse the leptonic constant fBc in the framework of the QCD sum rules in the scheme,
allowing one to derive scaling relation for the leptonic constants of the heavy quarkonia.
2.1. Mass spectrum of Bc mesons
The Bc meson is the heavy (b¯c) quarkonium with the open charm and beauty. It
occupies an intermediate place in the mass spectrum of the heavy quarkonia between the
(c¯c) charmonium and the (b¯b) bottomonium. The approaches, applied to the charmonium
and bottomonium study, can be used to describe the Bc meson properties, and experi-
mental observation of Bc could serve as a test for these approaches and it could be used
for the detailed quantitative study of the mechanisms of the heavy quark production,
hadronization and decays.
In the following we obtain the results on the Bc meson spectroscopy. We will show
that below the threshold for the hadronic decay of the (b¯c) system into the BD meson
pair, there are 16 narrow bound states, cascadely decaying into the lightest pseudoscalar
B+c (0
−) state with the mass m(0−) ≈ 6.25 GeV.
2.1.1. Potential
The mass spectra of the charmonium and the bottomonium are experimentally studied
in details [15] and they are properly described in the framework of phenomenological
potential models of nonrelativistic heavy quarks [5–8,10]. To describe the mass spectrum
of the (b¯c) system, one would prefer to use the potentials, whose parameters do not depend
on the flavours of the heavy quarks, composing a heavy quarkonium, i.e. one would use
the potentials, which rather accurately describe the mass spectra of (c¯c) as well as (b¯b),
with one and the same set of potential parameters. The use of such potentials allows
one to avoid an interpolation of the potential parameters from the values, fixed by the
experimental data on the (c¯c) and (b¯b) systems, to the values in the intermediate region
of the (b¯c) system.
As it has been shown in ref.[20], with an accuracy up to an additive shift, the potentials,
independent of heavy quark flavours [5–8,10], coincide with each other in the region of
the average distances between heavy quarks in the (c¯c) and (b¯b) systems, so
0.1 fm < r < 1 fm , (1)
although those potentials have different asymptotic behaviour in the regions of very low
(r → 0) and very large (r →∞) distances.
In Cornell model [5] in accordance with asymptotic freedom in QCD, the potential has
the Coulomb-like behaviour at low distances, and the term, confining the quarks, rises
linearly at large distances
VC(r) = −4
3
αS
r
+
r
a2
+ c0 , (2)
so that
αS = 0.36 ,
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a = 2.34 GeV−1 ,
mc = 1.84 GeV ,
c0 = −0.25 GeV . (3)
The Richardson potential [7] and its modifications in refs.[10] and [54] also correspond
to the behaviour, expected in the framework of QCD, so
VR(r) = −
∫
d3q
(2π)3
eirq
4
3
48π2
11Nc − 2nf
1
q2 ln(1 + q2/Λ2)
= −
∫
d3q
(2π)3
eirq
4
3
48π2
27
(
1
q2 ln(1 + q2/Λ2)
− Λ
2
q4
)
+
8π
27
Λ2r , (4)
with
Λ = 0.398 GeV . (5)
In the region of the average distances between heavy quarks (1), the QCD-motivated
potentials allow the approximations in the forms of the power (Martin) or logarithmic
potentials.
The Martin potential has the form [8]
VM(r) = −cM + dM(ΛMr)k , (6)
so that
ΛM = 1 GeV ,
k = 0.1 , (7)
mb = 5.174 GeV ,
mc = 1.8 GeV ,
cM = 8.064 GeV ,
dM = 6.869 GeV .
The logarithmic potential is equal to [9]
VL(r) = cL + dL ln(ΛLr) , (8)
so that
ΛL = 1 GeV ,
mb = 4.906 GeV ,
mc = 1.5 GeV , (9)
cL = −0.6635 GeV ,
dL = 0.733 GeV .
The approximations of the nonrelativistic potential of heavy quarks in the region of
distances (1) in the form of the power (6) and logarithmic (8) laws, allow one to study its
scaling properties.
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In accordance with the virial theorem, the average kinetic energy of the quarks in the
bound state is determined by the following expression
〈T 〉 = 1
2
〈rdV
dr
〉 . (10)
Then, the logarithmic potential allows one to conclude, that for the quarkonium states
one gets
〈TL〉 = const (11)
independently of the flavours of the heavy quarks, composing the heavy quarkonium,
dL/2 = const ≈ 0.367 GeV .
In the Martin potential, the virial theorem (10) allows one to obtain the expression
〈TM〉 = k
2 + k
(cM + E) , (12)
where E is the binding energy of the quarks in the heavy quarkonium. Phenomenolog-
ically, one has |E| ≪ cM (for example, E(1S, cc¯) ≈ −0.5 GeV), so that, neglecting the
binding energy of the heavy quarks inside the heavy quarkonium, one can conclude that
the average kinetic energy of the heavy quarks is a constant value, independent of the
quark flavours and the number of the radial or orbital excitation. The accuracy of such
approximation for 〈T 〉 is about 10%, i.e. |∆T/T | ∼ 30÷ 40 MeV.
From the Feynman-Hellmann theorem for the system with the reduced mass µ, one
has
dE
dµ
= − 〈T 〉
µ
, (13)
and, in accordance with condition (11), it follows that the difference of the energies for
the radial excitations of the heavy quarkonium levels does not depend on the reduced
mass of the QQ¯′ system
E(n¯, µ)− E(n, µ) = E(n¯, µ′)−E(n, µ′) . (14)
Thus, in the approximation of both the low value for the binding energy of quarks and
the zero value for the spin-dependent splittings of the levels, the heavy quarkonium state
density does not depend on the heavy quark flavours
dn
dMn
= const . (15)
The given statement has been also derived in ref.[21] using the Bohr–Sommerfeld quan-
tization of the S-wave states for the heavy quarkonium system with Martin potential
[8].
Relations (14)-(15) are phenomenologically confirmed for the vector S-levels of the
(bb¯), (cc¯), (ss¯) systems [15] (see Table 1).
Thus, the structure of the nonsplitted S-levels of the (b¯c) system must repeat not only
qualitatively, but quantitatively the structure of the S-levels for the (b¯b) and (c¯c) systems,
with an accuracy up to the overall additive shift of masses.
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Table 1.
The mass difference (in MeV) for the two lightest vector states of different heavy
systems, ∆M =M(2S) −M(1S)
System Υ ψ Bc φ
∆M 563 588 585 660
Moreover, in the framework of the QCD sum rules, the universality of the heavy quark
nonrelativistic potential (the independence on the flavours and the scaling properties (11),
(14), (15)) allows one to obtain the scaling relation for the leptonic constants of the S-wave
quarkonia [21]
f 2
M
= const (16)
independently of the heavy quark flavours in the regime, when
|mQ −mQ′| is restricted , ΛQCD
mQ,Q′
≪ 1 ,
i.e., when one can neglect the heavy quark mass difference. On the other hand, in the
regime, when the mass difference is not low, one has
f 2
M
(
M
4µ
)2
= const , (17)
where
µ =
mQmQ′
mQ +mQ′
.
Consider the mass spectrum of the (b¯c) system with the Martin potential [8].
Solving the Schro¨dinger equation with potential (6) and the parameters (7), one finds
the Bc mass spectrum and the characteristics of the radial wave functions R(0) and R
′(0),
shown in Tables 2 and 3, respectively.
The average kinetic energy of the levels, lying below the threshold for the (b¯c) system
decay into the BD pair, is presented in Table 4, wherein one can see that the term, added
to the radial potential due to the orbital rotation,
∆Vl =
L2
2µr2
(18)
Table 2.
The energy levels of the (b¯c) system, calculated without taking into account relativistic
corrections, in GeV
n [52] [55] [54] n [52] [55] [54] n [52] [55] [54]
1S 6.301 6.315 6.344 2P 6.728 6.735 6.763 3D 7.008 7.145 7.030
2S 6.893 7.009 6.910 3P 7.122 – 7.160 4D 7.308 – 7.365
3S 7.237 – 7.024 4P 7.395 – – 5D 7.532 – –
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Table 3.
The characteristics of the radial wave functions RnS(0) (in GeV
3/2) and R′nP (0) (in
GeV5/2), obtained from the Schro¨dinger equation
n Martin [53]
R1S(0) 1.31 1.28
R2S(0) 0.97 0.99
R′2P (0) 0.55 0.45
R′3P (0) 0.57 0.51
weakly influences the value of the average kinetic energy, and the binding energy for
the levels with L 6= 0 is essentially determined by the orbital rotation energy, which is
approximately independent of the quark flavours (see Table 5), so that the structure of the
nonsplitted levels of the (b¯c) system with L 6= 0 must quantitatively repeat the structure
of the charmonium and bottomonium levels, too.
2.1.2. Spin-dependent splitting of the (b¯c) quarkonium
In accordance with the results of refs.[55,56], one introduces the additional term to the
potential to take into the account the spin-orbital and spin-spin interactions, causing the
splitting of the nL levels (n is the principal quantum number, L is the orbital momentum),
so it has the form
VSD(r) =
(
L · Sc
2m2c
+
L · Sb
2m2b
) (
−dV (r)
rdr
+
8
3
αS
1
r3
)
+
+
4
3
αS
1
mcmb
L · S
r3
+
4
3
αS
2
3mcmb
Sc · Sb 4π δ(r) (19)
+
4
3
αS
1
mcmb
(3(Sc · n) (Sb · n)− Sc · Sb) 1
r3
, n =
r
r
.
where V (r) is the phenomenological potential, confining the quarks, the first term takes
into account the relativistic corrections to the potential V (r); the second, third and fourth
terms are the relativistic corrections, coming from the account of the one gluon exchange
between the b and c quarks; αS is the effective constant of the quark-gluon interaction
inside the (b¯c) system.
The value of the αS parameter can be determined in the following way.
Table 4.
The average kinetic and orbital energies of the quark motion in the (b¯c) system, in
GeV
nL 1S 2S 2P 3P 3D
〈T 〉 0.35 0.38 0.37 0.39 0.39
∆Vl 0.00 0.00 0.22 0.14 0.29
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The splitting of the S-wave heavy quarkonium (Q1Q¯2) is determined by the expression
∆M(nS) = αS
8
9m1m2
|RnS(0)|2 , (20)
where RnS(0) is the value of the radial wave function of the quarkonium, at the origin.
Using the experimental value of the S-state splitting in the (cc¯) system [15]
∆M(1S, cc¯) = 117± 2 MeV , (21)
and the R1S(0) value, calculated in the potential model for the (cc¯) system, one gets the
model-dependent value of the αS(ψ) constant for the effective Coulomb interaction of the
heavy quarks (in the Martin potential, one has αS(ψ) = 0.44).
In ref.[53] the effective constant value, fixed in the described way, has been applied to
the description of not only the (cc¯) system, but also the (b¯c) and (b¯b) quarkonia.
In the present paper we take into account the variation of the effective Coulomb
interaction constant versus the reduced mass of the system (µ).
In the one-loop approximation at the momentum scale p2, the ”running” coupling
constant in QCD is determined by the expression
αS(p
2) =
4π
b ln(p2/Λ2QCD)
, (22)
where b = 11 − 2nf/3, and nf = 3, when one takes into account the contribution by the
virtual light quarks, p2 < m2c,b.
In the model with the Martin potential, for the kinetic energy of quarks (cc¯) inside ψ,
one has
〈T1S(cc¯)〉 ≈ 0.357 GeV , (23)
so that, using the expression for the kinetic energy,
〈T 〉 = 〈p
2〉
2µ
, (24)
one gets
αS(p
2) =
4π
b ln(2〈T 〉µ/Λ2QCD)
, (25)
so that αS(ψ) = 0.44 at
ΛQCD ≈ 164 MeV . (26)
Table 5.
The average energy of the orbital motion in the heavy quarkonia, in the model with
the Martin potential, in GeV
System c¯c b¯c b¯b
∆Vl(2P ) 0.23 0.22 0.21
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Table 6.
The leptonic decay constants of the heavy quarkonia, the values, measured experi-
mentally and obtained in the model with the Martin potential, in the model with the
effective Coulomb interaction and from the scaling relation (SR), in MeV
Model Exp.[15] Martin Coulomb SR
fψ 410± 15 547± 80 426± 60 410± 40
fBc – 510± 80 456± 70 460± 60
fΥ 715± 15 660± 90 772± 120 715± 70
As it has been noted in the previous section, the value of the kinetic energy of the
quark motion weakly depends on the heavy quark flavours, and it, practically, is constant,
and, hence, the change of the effective αS coupling is basically determined by the variation
of the reduced mass of the heavy quarkonium. In accordance with eqs.(25)-(26) and Table
4, for the (b¯c) system one has
nL 1S 2S 2P 3P 3D
αS 0.394 0.385 0.387 0.382 0.383.
Note, the Martin potential leads to the R1S(0) values, which, with the accuracy up
to 15÷ 20%, agrees with the experimental values of the leptonic decay constants for the
heavy (cc¯) and (bb¯) quarkonia. The leptonic constants are determined by the expression
Γ(QQ¯→ l+l−) = 4π
3
e2Q α
2
em
f 2QQ¯
MQQ¯
, (27)
where eQ is the heavy quark charge.
In the nonrelativistic model one has
fQQ¯ =
√√√√ 3
πMQQ¯
R1S(0) . (28)
For the effective Coulomb interaction of the heavy quarks in the basic 1S-state one has
RC1S(0) = 2
(
4
3
µ αS
)3/2
. (29)
One can see from Table 6, that, taking into account the variation of the effective αS
constant versus the reduced mass of the heavy quarkonium (see eq.(25)), the Coulomb
wave functions give the values of the leptonic constants for the heavy 1S-quarkonia, so
that in the framework of the accuracy of the potential models, those values agree with the
experimental values and the values, obtained by the solution of the Schro¨dinger equation
with the given potential.
The consideration of the variation of the effective Coulomb interaction constant be-
comes especially essential for the Υ particles, for which αS(Υ) ≈ 0.33 instead of the fixed
value αS = 0.44.
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Thus, calculating the splitting of the (b¯c) levels, we take into account the αS depen-
dence on the reduced mass of the heavy quarkonium.
As one can see from eq.(19), in contrast to the LS-coupling in the (c¯c) and (b¯b) systems,
there is the jj-coupling in the heavy quarkonium, where the heavy quarks have different
masses (here, LSc is diagonalized at the given Jc momentum, (Jc = L+Sc, J = Jc+Sb),
J is the total spin of the system). We use the following spectroscopic notations for the
splitted levels of the (b¯c) system, – n2jcLJ .
One can easily show, that independently of the total spin J projection one has
|2L+1LL+1〉 = |J = L+ 1, S = 1〉 ,
|2L−1LL−1〉 = |J = L− 1, S = 1〉 , (30)
|2L+1LL〉 =
√
L
2L+ 1
|J = L, S = 1〉+
√
L+ 1
2L+ 1
|J = L, S = 0〉 ,
|2L−1LL〉 =
√
L+ 1
2L+ 1
|J = L, S = 1〉 −
√
L
2L+ 1
|J = L, S = 0〉 ,
where |J, S〉 are the state vectors with the given values of the total quark spin S = Sc+Sb,
so that the potential terms of the order of 1/mcmb, 1/m
2
b lead, generally speaking, to the
mixing of the levels with the different Jc values at the given J values. The tensor forces
(the last term in eq.(19)) are equal to zero at L = 0 or S = 0.
To calculate values of the level shifts, appearing due to the spin-spin and spin-orbital
interactions, one has to take the averaged expression (19) over the wave functions of the
corresponding states.
The averaging over the angle variables can be performed in the following standard
way. Let us represent the matrix element of the unit vector n = r/r pair in the form
〈L, m|npnq|L, m′〉 = a(LpLq + LqLp)mm′ + bδpqδmm′ , (31)
where L are the orbital momentum matrices in the corresponding irreducible representa-
tion.
From the conditions of the normalization of the unit vector, 〈npnq〉δpq = 1, the or-
thogonality of the radius-vector to the orbital momentum, npLp = 0, the commutation
relations for the angle momentum, [Lp;Lq] = iǫpqlLl, one finds the values of constants a
and b in eq.(31)
a = − 1
4L2 − 3 , (32)
b =
2L2 − 1
4L2 − 3 . (33)
Note further, that from the condition for the quark spins SpQS
q
Q+S
q
QS
p
Q =
1
2
δpq it follows,
that
3(npnq − 1
3
δpq)SpcS
q
b =
3
2
(npnq − 1
3
δpq)SpSq . (34)
Thus, (see also ref.[57])
〈6(npnq − 1
3
δpq)SpcS
q
b 〉 = −
1
4L2 − 3(6(LS)
2 + 3(LS)− 2L2S2) . (35)
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Fig. 1. The mass spectrum of the (b¯c) system with account of splittings.
Using eqs.(30), (35), for the level shifts, calculated in the perturbation theory at S = 1,
one gets the following formulae
∆En1S0 = −αS
2
3mcmb
|RnS(0)|2 , (36)
∆En1S1 = αS
2
9mcmb
|RnS(0)|2 , (37)
∆En3P2 = αS
6
5mcmb
〈 1
r3
〉+ 1
4
(
1
m2c
+
1
m2b
)
〈−dV (r)
rdr
+
8
3
αS
1
r3
〉 , (38)
∆En1P0 = −αS
4
mcmb
〈 1
r3
〉 − 1
2
(
1
m2c
+
1
m2b
)
〈−dV (r)
rdr
+
8
3
αS
1
r3
〉 , (39)
∆En5D3 = αS
52
21mcmb
〈 1
r3
〉+ 1
2
(
1
m2c
+
1
m2b
)
〈−dV (r)
rdr
+
8
3
αS
1
r3
〉 , (40)
∆En3D1 = −αS
92
21mcmb
〈 1
r3
〉 − 3
4
(
1
m2c
+
1
m2b
)
〈−dV (r)
rdr
+
8
3
αS
1
r3
〉 , (41)
where RnS(0) are the radial wave functions at L = 0, 〈...〉 denote the average values,
calculated under the wave functions RnL(r). The mixing matrix elements have the forms
〈 3P1|∆E| 3P1〉 = −αS 2
9mcmb
〈 1
r3
〉+
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Table 7.
The masses (in GeV) of the lightest pseudoscalar Bc and vector B
∗
c states in different
models (∗ is the present paper)
State ∗ [55] [54] [58] [6] [59] [65,21]
0− 6.253 6.249 6.314 6.293 6.270 6.243 6.246
1− 6.317 6.339 6.354 6.346 6.340 6.320 6.319
State [53] [60] [61] [62] [63] [64] [35]
0− 6.264 6.320 6.256 6.276 6.286 – 6.255
1− 6.337 6.370 6.329 6.365 6.328 6.320 6.330
(
1
4m2c
− 5
12m2b
)
〈−dV (r)
rdr
+
8
3
αS
1
r3
〉 , (42)
〈 1P1|∆E| 1P1〉 = −αS 4
9mcmb
〈 1
r3
〉+
(
− 1
2m2c
+
1
6m2b
)
〈−dV (r)
rdr
+
8
3
αS
1
r3
〉 , (43)
〈 3P1|∆E| 1P1〉 = −αS 2
√
2
9mcmb
〈 1
r3
〉
−
√
2
6m2b
〈−dV (r)
rdr
+
8
3
αS
1
r3
〉 , (44)
〈 5D2|∆E| 5D2〉 = −αS 4
15mcmb
〈 1
r3
〉+
(
1
2m2c
− 1
5m2b
)
〈−dV (r)
rdr
+
8
3
αS
1
r3
〉 , (45)
〈 3D2|∆E| 3D2〉 = −αS 8
15mcmb
〈 1
r3
〉+
(
− 3
4m2c
+
9
20m2b
)
〈−dV (r)
rdr
+
8
3
αS
1
r3
〉 , (46)
〈 5D2|∆E| 3D2〉 = −αS 2
√
6
15mcmb
〈 1
r3
〉
−
√
6
10m2b
〈−dV (r)
rdr
+
8
3
αS
1
r3
〉 , (47)
As one can see from eq.(37), the S-level splitting is essentially determined by the
|RnS(0)| value, which can be related to the leptonic decay constants of the S-states (0−,
1−). Section 2.3 is devoted to the calculation of these constants in different ways. We
only note here, that with enough accuracy, the predictions of different potential models
on the |R1S(0)| value are in agreement with each other as well as with predictions in other
approaches.
For the 2P , 3P and 3D levels, the mixing matrices of the states with the total quark
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spin S = 1 and S = 0 have the forms
|2P, 1′+〉 = 0.294|S = 1〉+ 0.956|S = 0〉 , (48)
|2P, 1+〉 = 0.956|S = 1〉 − 0.294|S = 0〉 , (49)
so that in the 1+ state the probability of the total quark spin value S = 1 is equal to
w1(2P ) = 0.913 . (50)
For the 3P level one has
|3P, 1′+〉 = 0.371|S = 1〉+ 0.929|S = 0〉 , (51)
|3P, 1+〉 = 0.929|S = 1〉 − 0.371|S = 0〉 , (52)
so that
w1(3P ) = 0.863 , (53)
For the 3D level one gets
|3D, 2′−〉 = −0.566|S = 1〉+ 0.825|S = 0〉 , (54)
|3D, 2−〉 = 0.825|S = 1〉+ 0.566|S = 0〉 , (55)
so that
w2(3D) = 0.680 . (56)
With account of the calculated splittings, the Bc mass spectrum is shown in Figure 1
and Table 8.
The masses of the Bc mesons have been also calculated in papers of ref.[66].
As one can see from Tables 2 and 7, the place of the 1S-level in the (b¯c) system
(m(1S) ≈ 6.3 GeV) is predicted by the potential models with the rather high accuracy
∆m(1S) ≈ 30 MeV, and the 1S-level splitting into the vector and pseudoscalar states is
about m(1−)−m(0−) ≈ 70 MeV.
2.1.3. Bc meson masses from QCD sum rules
Potential model estimates for the masses of the lightest (b¯c) states are in agreement
with the results of the calculations for the vector and pseudoscalar (b¯c) states in the
framework of the QCD sum rules [35,36,67], where the calculation accuracy is lower,
than the accuracy of the potential models, because the results essentially depend on both
the modelling of the nonresonant hadronic part of the current correlator (the continuum
threshold) and the parameter of the sum rule scheme (the moment number for the spectral
density of the current correlator or the Borel transformation parameter),
mSR(0−) ≈ mSR(1−) ≈ 6.3÷ 6.5 GeV . (57)
As it has been shown in [11], for the lightest vector quarkonium, the following QCD
sum rules take place
f 2VM
2
V
M2V − q2
=
1
π
∫ sth
si
ℑmΠQCD(pert)V (s)
s− q2 ds+Π
QCD(nonpert)
V (q
2) . (58)
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Table 8.
The masses (in GeV) of the bound (b¯c) states below the threshold of the decay into
the BD meson pair (∗ is the present paper)
State ∗ [53] [54]
11S0 6.253 6.264 6.314
11S1 6.317 6.337 6.355
21S0 6.867 6.856 6.889
21S1 6.902 6.899 6.917
21P0 6.683 6.700 6.728
2P 1+ 6.717 6.730 6.760
2P 1′+ 6.729 6.736 –
23P2 6.743 6.747 6.773
31P0 7.088 7.108 7.134
3P 1+ 7.113 7.135 7.159
3P 1′+ 7.124 7.142 –
33P2 7.134 7.153 7.166
3D 2− 7.001 7.009 –
35D3 7.007 7.005 –
33D1 7.008 7.012 –
3D 2′− 7.016 7.012 –
where fV is the leptonic constant of the vector (b¯c) state with the mass MV ,
ifVMV ǫ
λ
µ exp(ipx) = 〈0|Jµ(x)|V (p, λ)〉 , (59)
Jµ(x) = c¯(x)γµb(x) , (60)
where λ, p are the B∗c polarization and momentum, respectively, and∫
d4x exp (iqx)〈0|TJµ(x)Jν(0)|0〉 =
(
−gµν + qµqν
q2
)
ΠQCDV + qµqν Π
QCD
S , (61)
ΠQCDV (q
2) = Π
QCD(pert)
V +Π
QCD(nonpert)
V (q
2) , (62)
Π
QCD(nonpert)
V (q
2) =
∑
Ci(q
2)Oi , (63)
where Oi are the vacuum expectation values of the composite operators such as 〈mψ¯ψ〉,
〈αS G2µν〉, etc. The Wilson coefficients are calculable in the perturbation theory of QCD.
si = (mc +mb)
2 is the kinematical threshold of the perturbative contribution, M2V > si,
sth is the threshold of the nonresonant hadronic contribution, which is considered to be
equal to the perturbative contribution at s > sth.
Considering the respective correlators, one can write down the sum rules, analogous
to eq.(58), for the scalar and pseudoscalar states.
One believes that the sum rule (58) must rather accurately be valid at q2 < 0.
For the n-th derivative of eq.(58) at q2 = 0 one gets
f 2V (M
2
V )
−n =
1
π
∫ sth
si
ℑmΠQCD(pert)V (s)
sn+1
ds+
(−1)n
n!
dn
d(q2)n
Π
QCD(nonpert)
V (q
2) , (64)
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so, considering the ratio of the n-th derivative to the n + 1-th one, one can obtain the
value of the vector B∗c meson mass. The calculation result depends on the n number in
the sum rules (64), because of taking into the account both the finite number of terms in
the perturbation theory expansion and the restricted set of composite operators.
The analogous procedure can be performed in the sum rule scheme with the Borel
transform, leading to the dependence of the results on the transformation parameter.
As one can see from eq.(64), the result, obtained in the framework of the QCD sum
rules, depends on the choice of the values for the hadronic continuum threshold energy and
the current masses of quarks. Then, this dependence causes large errors in the estimates
of the masses for the lightest pseudoscalar, vector and scalar (b¯c) states.
Thus, the QCD sum rules give the estimates of the quark binding energy in the
quarkonium, and the estimates are in agreement with the results of the potential models,
but sum rules involve a considerable parametric uncertainty.
2.2. Radiative transitions in the Bc family
The Bc mesons have no annihilation channels for the decays due to QCD and electro-
magnetic interactions. Therefore, the mesons, lying below the threshold for the B and
D mesons production, will, in a cascade way, decay into the 0−(1S) state by emission of
γ quanta and π mesons. Theoretical estimates of the transitions between the levels with
the emission of the π mesons have uncertainties, and the electromagnetic transitions are
quite accurately calculable.
2.2.1. Electromagnetic transitions
The formulae for the radiative E1-transitions have form [17,68]
Γ(n¯PJ → n1S1 + γ) = 4
9
αem Q
2
eff ω
3 I2(n¯P ;nS) wJ(n¯P ) ,
Γ(n¯PJ → n1S0 + γ) = 4
9
αem Q
2
eff ω
3 I2(n¯P ;nS) (1− wJ(n¯P )) ,
Γ(n1S1 → n¯PJ + γ) = 4
27
αem Q
2
eff ω
3 I2(nS; n¯P ) (2J + 1) wJ(n¯P ) , (65)
Γ(n1S0 → n¯PJ + γ) = 4
9
αem Q
2
eff ω
3 I2(nS; n¯P ) (2J + 1) (1− wJ(n¯P )) ,
Γ(n¯PJ → nDJ ′ + γ) = 4
27
αem Q
2
eff ω
3 I2(nD; n¯P ) (2J ′ + 1) wJ(n¯P ))wJ ′(nD)SJJ ′ ,
Γ(nDJ → n¯PJ ′ + γ) = 4
27
αem Q
2
eff ω
3 I2(nD; n¯P ) (2J ′ + 1) wJ ′(n¯P ))wJ(nD)SJ ′J ,
where ω is the photon energy, αem is the electromagnetic fine structure constant.
In eq.(65) one uses
Qeff =
mcQb¯ −mbQc
mc +mb
, (66)
where Qc,b are the electric charges of the quarks. For the Bc meson with the parameters
from the Martin potential, one gets Qeff = 0.41.
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wJ(nL) is the probability that the spin S = 1 in the nL state, so that w0(nP ) =
w2(nP ) = 1, w1(nD) = w3(nD) = 1, and the w1(nP ), w2(nD) values have been presented
in the previous section (see eqs.(50), (53), (56) ).
The statistical factor SJJ ′ takes values [68]
J J ′ SJJ ′
0 1 2
1 1 1/2
1 2 9/10
2 1 1/50
2 2 9/50
2 3 18/25.
The I(n¯L;nL′) value is expressed through the radial wave functions,
I(n¯L;nL′) = |
∫
Rn¯L(r)RnL′(r)r
3dr| . (67)
For the set of the transitions one obtains
I(1S, 2P ) = 1.568 GeV−1 , I(1S, 3P ) = 0.255 GeV−1 ,
I(2S, 2P ) = 2.019 GeV−1 , I(2S, 3P ) = 2.704 GeV−1 , (68)
I(3D, 2P ) = 2.536 GeV−1 , I(3D, 3P ) = 2.416 GeV−1 .
For the dipole magnetic transitions one has [5,17,68]
Γ(n¯1Si → n1Sf + γ) = 16
3
µ2eff ω
3 (2f + 1) A2if , (69)
where
Aif =
∫
Rn¯S(r)RnS(r)j0(ωr/2)r
2 dr ,
and
µeff =
1
2
√
αem
2mcmb
(Qcmb −Qb¯mc) . (70)
Note, in contrast to the ψ and Υ particles, the total width of the B∗c meson is equal to
the width of its radiative decay into the Bc(0
−) state.
The electromagnetic widths, calculated with accordance of eqs.(65),(69), and the fre-
quencies of the emitted photons are presented in Tables 9, 10, 11.
Note, E0-transitions with the conversion of virtual γ-quantum into the lepton pair can
take place. Moreover, due to the tensor forces, the states with J > 0 and S = 1 can,
in addition to the L-wave, have the admixture of |L ± 2|-waves, giving the quadrupole
moment to the corresponding states and causing the E2-transitions. However, the men-
tioned transitions are suppressed by the additional factor αem in the first case, and by the
small value of amplitude, determining, say, the probability of the admixture appearance
of the D-wave in the 1−(nS) state.
Thus, the registration of the cascade electromagnetic transitions in the (b¯c) family can
be used for the observation of the higher (b¯c) excitations, having no annihilation channels
of the decays.
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Table 9.
The energies (in MeV) and widths (in keV) of the electromagnetic E1-transitions in
the (b¯c) family (∗ is the present paper)
Transition ω Γ[∗] Γ[53]
2P2 → 1S1 + γ 426 102.9 112.6
2P0 → 1S1 + γ 366 65.3 79.2
2P 1′+ → 1S1 + γ 412 8.1 0.1
2P 1+ → 1S1 + γ 400 77.8 99.5
2P 1′+ → 1S0 + γ 476 131.1 56.4
2P 1+ → 1S0 + γ 464 11.6 0.0
3P2 → 1S1 + γ 817 19.2 25.8
3P0 → 1S1 + γ 771 16.1 21.9
3P 1′+ → 1S1 + γ 807 2.5 2.1
3P 1+ → 1S1 + γ 796 15.3 22.1
3P 1′+ → 1S0 + γ 871 20.1 –
3P 1+ → 1S0 + γ 860 3.1 –
3P2 → 2S1 + γ 232 49.4 73.8
3P0 → 2S1 + γ 186 25.5 41.2
3P 1′+ → 2S1 + γ 222 5.9 5.4
3P 1+ → 2S1 + γ 211 32.1 54.3
3P 1′+ → 2S0 + γ 257 58.0 –
3P 1+ → 2S0 + γ 246 8.1 –
2S1 → 2P2 + γ 159 14.8 17.7
2S1 → 2P0 + γ 219 7.7 7.8
2S1 → 2P 1′+ + γ 173 1.0 0.0
2S1 → 2P 1+ + γ 185 12.8 14.5
2S0 → 2P 1′+ + γ 138 15.9 5.2
2S0 → 2P 1+ + γ 150 1.9 0.0
2.2.2. Hadronic transitions
In the framework of QCD the consideration of the hadronic transitions between the
states of the heavy quarkonium family is built on the basis of the multipole expansion for
the gluon emission by the heavy nonrelativistic quarks [23], with forthcoming hadroniza-
tion of gluons, independently of the heavy quark motion.
In the leading approximation over the velocity of the heavy quark motion, the action,
corresponding to the heavy quark coupling to the external gluon field,
Sint = −g
∫
d4x Aaµ(x) · jµa (x) , (71)
can be expressed in the form
Sint = g
∫
dt rkEak(t,x)
λija
2
Ψn(r)Ψ
ji
f (r) K(sn, f) d
3r , (72)
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Table 10.
The energies (in MeV) and widths (in keV) of the electromagnetic E1-transitions in
the (b¯c) family (∗ is the present paper)
Transition ω Γ[∗] Γ[53]
3P2 → 3D1 + γ 126 0.1 0.2
3P2 → 3D 2′− + γ 118 0.5 –
3P2 → 3D 2− + γ 133 1.5 3.2
3P2 → 3D3 + γ 127 10.9 17.8
3P0 → 3D1 + γ 80 3.2 6.9
3P 1′+ → 3D1 + γ 116 0.3 0.4
3P 1+ → 3D1 + γ 105 1.6 0.3
3P 1′+ → 3D 2′− + γ 108 3.5 –
3P 1+ → 3D 2− + γ 112 3.9 9.8
3P 1′+ → 3D 2− + γ 123 2.5 11.5
3P 1+ → 3D 2′− + γ 97 1.2 –
3D3 → 2P2 + γ 264 76.9 98.7
3D1 → 2P0 + γ 325 79.7 88.6
3D1 → 2P 1′+ + γ 279 3.3 0.0
3D1 → 2P 1+ + γ 291 39.2 49.3
3D1 → 2P2 + γ 265 2.2 2.7
3D 2′− → 2P2 + γ 273 6.8 –
3D 2′− → 2P2 + γ 258 12.2 24.7
3D 2′− → 2P 1′+ + γ 287 46.0 92.5
3D 2′− → 2P 1+ + γ 301 25.0 –
3D 2− → 2P 1′+ + γ 272 18.4 0.1
3D 2− → 2P 1+ + γ 284 44.6 88.8
where Ψn(r) is the wave function of the quarkonium, emitting gluon, Ψ
ij
f (r) is the wave
function of the colour-octet state of the quarkonium, K(sn, f) corresponds to the spin fac-
tor (in the leading approximation, the heavy quark spin is decoupled from the interaction
with the gluons).
Then the matrix element for the E1-E1 transition of the quarkonium nLJ → n′L′J ′+gg
can be written in the form
M(nLJ → n′L′J ′ + gg) = 4παS EakEbm ·∫
d3rd3r′ rkr
′
m G
ab
s
n′
,sn(r, r
′) ΨnLJ (r)Ψn′L′
J′
(r′), (73)
where Gabsn¯,sn(r, r
′) corresponds to the propagator of the colour-octet state of the heavy
quarkonium
G =
1
ǫ−Hc
QQ¯
, (74)
where HcQQ¯ is the hamiltonian of the coloured state.
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Table 11.
The energies (in MeV) and widths (in keV) of the electromagnetic M1-transitions in
the (b¯c) family (∗ is the present paper)
Transition ω Γ[∗] Γ[53]
2S1 → 1S0 + γ 649 0.098 0.123
2S0 → 1S1 + γ 550 0.096 0.093
1S1 → 1S0 + γ 64 0.060 0.135
2S1 → 2S0 + γ 35 0.010 0.029
One can see from eq.(73), that the determination of the transition matrix element
depends on both the wave function of the quarkonium and the hamiltonian HcQQ¯. Thus,
the theoretical consideration of the hadronic transitions in the quarkonium family is model
dependent.
In a number of papers of ref.[24], for the calculation of the values such as (73), the
potential approach has been developed.
In papers of ref.[25] it is shown that nonperturbative conversion of the gluons into
the π meson pair allows one to give a consideration in the framework of the low-energy
theorems in QCD, so that this consideration agrees with the papers, performed in the
framework of PCAC and soft pion technique [26].
However, as it follows from eq.(73) and the Wigner-Eckart theorem, the differential
width for the E1-E1 transition allows the representation in the form [24]
dΓ
dm2
(nLJ → n′L′J ′ + h) = (2J ′ + 1)
2∑
k=0
{
k L L′
s J ′ J
}2
Ak(L, L
′) , (75)
where m2 is the invariant mass of the light hadron system h, { } are 6j-symbols, Ak(L, L′)
is the contribution by the irreducible tensor of the rang, equal to k < 3, s is the total
quark spin inside the quarkonium.
In the limit of soft pions, one has A1(L, L
′) = 0.
From eqs.(73), (75) it follows, that, with the accuracy up to the difference in the
phase spaces, the widths of the hadronic transitions in the (QQ¯) and (QQ¯′) quarkonia
are related to the following expression [23,24]
Γ(QQ¯′)
Γ(QQ¯)
=
〈r2(QQ¯′)〉2
〈r2(QQ¯)〉2 . (76)
Then the experimental data on the transitions of ψ′ → J/ψ+ππ, Υ′ → Υ+ππ, ψ(3770)→
J/ψ+ππ [27] allow one to extract the values of Ak(L, L
′) for the transitions 2S → 1S+ππ
and 3D → 1S + ππ [53].
The invariant mass spectrum of the π meson pair has the universal form [25,26]
1
Γ
dΓ
dm
= B
|kpipi|
M2
(2x2 − 1)
√
x2 − 1 , (77)
where x = m/2mpi, |kpipi| is the ππ pair momentum.
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The estimates for the widths of the hadronic transitions in the (b¯c) family have been
made in ref.[53]. The hadronic transition widths, having the values comparable with the
electromagnetic transition width values, are presented in Table 12.
The transitions in the (b¯c) family with the emission of η mesons are suppressed by the
low value of the phase space.
Thus, the registration of the hadronic transitions in the (b¯c) family with the emission
of the π meson pairs can be used to observe the higher 2S- and 3D-excitations of the basic
state.
2.3. Leptonic constant of Bc meson
As we have seen in Section 2.1, the value of the leptonic constant of the Bc meson
determines the splitting of the basic 1S-state of the (b¯c) system. Moreover, the higher
excitations in the (b¯c) system transform, in a cascade way, into the lightest 0− state of Bc,
whose widths of the decays are essentially determined by the value of fBc , too. In the quark
models [69–71], used to calculate the weak decay widths of mesons, the leptonic constant,
as the parameter, determines the quark wave package inside the meson (generally, the
wave function is chosen in the oscillator form), therefore, the practical problem for the
extraction of the value for the weak charged current mixing matrix element |Vbc| from the
data on the weak Bc decays can be only solved at the known value of fBc .
Thus, the leptonic constant fBc is the most important quantity, characterizing the
bound state of the (b¯c) system.
In the present Section we calculate the value of fBc in different ways.
To describe the bound states of the quarks, the use of the nonperturbative approaches
is required. The bound states of the heavy quarks allow one to consider simplifications,
connected to both large values of the quark masses ΛQCD/mQ ≪ 1 and the nonrelativistic
quark motion v → 0. Therefore the value of fBc can be quite reliably determined in the
framework of the potential models and the QCD sum rules [11].
Table 12. The widths (in keV) of the radiative hadronic transitions in the (b¯c) family
Transition Γ [53]
2S0 → 1S0 + ππ 50
2S1 → 1S1 + ππ 50
3D1 → 1S1 + ππ 31
3D2 → 1S1 + ππ 32
3D3 → 1S1 + ππ 31
3D2 → 1S0 + ππ 32
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Table 13.
The leptonic Bc meson constant (in MeV), calculated in the different potential mod-
els (the accuracy ∼ 15%)
Model Martin Coulomb [6] [53] [72] [73,74] [75]
fBc 510 460 570 495 410 600 500
2.3.1. fBc from potential models
In the framework of the nonrelativistic potential models, the leptonic constants of the
pseudoscalar and vector mesons (see eqs.(59), (60))
〈0|c¯(x)γµb(x)|B∗c (p, ǫ)〉 = ifV MV ǫµ exp(ipx) , (78)
〈0|c¯(x)γ5γµb(x)|Bc(p)〉 = ifP pµ exp(ipx) , (79)
are determined by expression (28)
fV = fP =
√√√√ 3
πMBc(1S)
R1S(0) , (80)
where R1S(0) is the radial wave function of the 1S state of the (b¯c) system, at the origin.
The wave function is calculated by solving the Schro¨dinger equation with different po-
tentials [5–8,10,54], in the quasipotential approach [72] or by solving the Bethe-Salpeter
equation with instant potential and in the expansion up to the second order over the
quark motion velocity v/c [73,74].
The values of the leptonic Bc meson constant, calculated in different potential models
and effective Coulomb potential with the ”running” αS constant, determined in Section
2.1, are presented in Table 13.
Thus, in the approach accuracy, the potential quark models give the fBc values, which
are in a good agreement with each other, so that
fpotBc = 500± 80 MeV . (81)
2.3.2. fBc from QCD sum rules
In the framework of the QCD sum rules [11], expressions (58)-(64) have been derived
for the vector states. The expressions are considered at q2 < 0 in the schemes of the
spectral density moments (64) or with the application of the Borel transform [11]. As one
can see from eqs.(58) - (64), the result of the QCD sum rule calculations is determined
not only by physical parameters such as the quark and meson masses, but also by the
unphysical parameters of the sum rule scheme such as the number of the spectral density
moment or the Borel transformation parameter. In the QCD sum rules, this unphysical
dependence of the fBc value is due to the consideration being performed with the finite
number of terms in the expansion of the QCD perturbation theory for the Wilson coeffi-
cients of the unit and composite operators. In the calculations, the set of the composite
operators is also restricted.
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Table 14.
The leptonic Bc constant (in MeV), calculated in the QCD sum rules (SR – the
scaling relation)
Model [76] [35] [36] [67] [77] [78] [79] SR[21]
fBc 375 400 360 300 160 300 450 460
Thus, the ambiguity in the choice of the hadronic continuum threshold and the pa-
rameter of the sum rule scheme essentially reduces the reliability of the QCD sum rule
predictions for the leptonic constants of the vector and pseudoscalar Bc states.
Moreover, the nonrelativistic quark motion inside the heavy quarkonium v → 0 leads
to the αS/v-corrections, becoming the most important, to the perturbative part of the
quark current correlators, where αS is the effective Coulomb coupling constant in the
heavy quarkonium. As it is noted in refs.[11,21,76], the Coulomb αS/v-corrections can
be summed up and represented in the form of the factor, corresponding to the Coulomb
wave function of the heavy quarks, so that
F (v) =
4παS
3v
[1− exp(−4παS/3v)]−1 , (82)
where 2v is the relative velocity of the heavy quarks inside the quarkonium. The expansion
of the factor (82) in the first order over αS/v
F (v) ≈ 1 + 2παS
3v
, (83)
gives the expression, obtained in the first order of the QCD perturbation theory [11].
Note, the αS parameter in eq.(82) should be at the scale of the characteristic quark vir-
tualities in the quarkonium (see Section 2.1), but at the scale of the quark or quarkonium
masses, as sometimes one makes it thereby decreasing the value of factor (82).
The choice of the αS parameter essentially determines the spread of the sum rule
predictions for the fBc value (see Table 14)
fSRBc = 160÷ 570 MeV . (84)
As one can see from eq.(84), the ambiguity in the choice of the QCD sum rule pa-
rameters leads to the essential deviations in the results from the fBc estimates (81) in the
potential models.
However, as it has been noted in Section 2.1,
1) the large value of the heavy quark masses ΛQCD/mQ ≪ 1,
2) the nonrelativistic heavy quark motion inside the heavy quarkonium v → 0, and
3) the universal scaling properties of the potential in the heavy quarkonium, when
the kinetic energy of the quarks and the quarkonium state density do not depend on the
heavy quark flavours (see eqs.(10) - (15)),
allow one to state the scaling relation (17) for the leptonic constants of the S-wave
quarkonia
f 2
M
(
M
4µ
)2
= const .
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Indeed, at ΛQCD/mQ ≪ 1 one can neglect the quark-gluon condensate contribution,
having the order of magnitude O(1/mbmc) (the contribution into the ψ and Υ leptonic
constants is less than 15%). At v → 0 one has to take into account the Coulomb-like
αS/v-corrections in the form of factor (82), so that the imaginary part of the correlators
for the vector and axial quark currents has the form
ℑmΠV (q2) ≈ ℑmΠP (q2) = αS
2
q2
(
M
4µ
)2
, (85)
where
v2 = 1− 4mbmc
q2 − (mb −mc)2 , v → 0 .
Moreover, condition (15) can be used in the specific QCD sum rule scheme, so that this
scheme excludes the dependence of the results on the parameters such as the number of
the spectral density moment or the Borel parameter.
Indeed, for example, the resonance contribution into the hadronic part of the vector
current correlator, having the form
Π
(res)
V (q
2) =
∫
ds
s− q2
∑
n
f 2V nM
2
V nδ(s−M2V n) , (86)
can be rewritten as
Π
(res)
V (q
2) =
∫
ds
s− q2 sf
2
V n(s)
dn(s)
ds
d
dn
∑
k
θ(n− k) . (87)
where n(s) is the number of the vector S-state versus the mass, so that
n(m2k) = k . (88)
Taking the average value for the derivative of the step-like function, one gets
Π
(res)
V (q
2) = 〈 d
dn
∑
k
θ(n− k)〉
∫ ds
s− q2sf
2
V n(s)
dn(s)
ds
, (89)
and, supposing
〈 d
dn
∑
k
θ(n− k)〉 ≈ 1 , (90)
one can, in average, write down
ℑm〈Π(hadr)(q2)〉 = ℑmΠ(QCD)(q2) , (91)
so, taking into the account the Coulomb factor and neglecting power corrections over
1/mQ, at the physical points sn =M
2
n one obtains
f 2n
Mn
(
M
4µ
)2
=
αS
π
dMn
dn
, (92)
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where one has supposed that
mb +mc ≈ MBc , (93)
fV n ≈ fPn = fn . (94)
Further, as it has been shown in Section 2.1, in the heavy quarkonium the value of
dn/dMn does not depend on the quark masses (see eq.(15)), and, with the accuracy up
to the logarithmic corrections, αS is the constant value (the last fact is also manifested
in the flavour independence of the Coulomb part of the potential in the Cornell model).
Therefore, one can draw the conclusion that, in the leading approximation, the right
hand side of eq.(92) is the constant value, and there is the scaling relation (17) [21]. This
relation is valid in the resonant region, where one can neglect the contribution by the
hadronic continuum.
Note, scaling relation (17) is in a good agreement with the experimental data on
the leptonic decay constants of the ψ and Υ particles (see Table 6), for which one has
4µ/M = 1 [21].
The value of the constant in the right hand side of eq.(17) is in agreement with the
estimate, when we suppose
〈dMΥ
dn
〉 ≈ 1
2
[(MΥ′ −MΥ) + (MΥ′′ −MΥ′)] , (95)
and αS = 0.36, as it is in the Cornell model.
Further, in the limit case of B and D mesons, when the heavy quark mass is much
greater than the light quark mass mQ ≫ mq, one has
µ ≈ mq
and
f 2 ·M = 16αS
π
dM
dn
µ2 . (96)
Then it is evident that at one and the same µ one gets
f 2 M = const . (97)
Scaling law (97) is very well known in EHQT [14] for mesons with a single heavy quark
(Qq¯), and it follows, for example, from the identity of the B and D meson wave functions
within the limit, when an infinitely heavy quark can be considered as a static source of
gluon field (then eq.(97) follows from eq.(80)).
In our derivation of eqs.(96) and (97) we have neglected power corrections over the
inverse heavy quark mass. Moreover, we have used the notion about the light constituent
quark with the mass equal to
mq ≈ 330 MeV , (98)
so that this quark has to be considered as nonrelativistic one v → 0, and the following
conditions take place
mQ +mq ≈ M (∗)(Qq¯) , mq ≪ mQ , (99)
fV ≈ fP = f . (100)
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In agreement with eqs.(96) and (98), one finds the estimates1
fB(∗) = 120± 20 MeV , (101)
fD(∗) = 220± 30 MeV , (102)
that is in an agreement with the estimates in the other schemes of the QCD sum rules
[11,12].
Thus, in the limits of 4µ/M = 1 and µ/M ≪ 1, scaling relation (17) is consistent.
The fBc estimate from eq.(17) contains the uncertainty, connected to the choice of the
ratio for the b- and c-quark masses, so that (see Table 14)
fBc = 460± 60 MeV . (103)
In ref.[76] the sum rule scheme with the double Borel transform was used. So, it allows one
to study effects, related to the power corrections from the gluon condensate, corrections
due to nonzero quark velocity and nonzero binding energy of the quarks in the quarkonium.
Indeed, for the set of narrow pseudoscalar states, one has the sum rules
∞∑
k=1
M4kf
2
Pk
(mb +mc)2(M
2
k − q2)
=
1
π
∫
ds
s− q2 ℑmΠP (s) + CG(q
2) 〈αS
π
G2〉 , (104)
where
CG(q
2) =
1
192mbmc
q2
q¯2
(
3(3v2 + 1)(1− v2)2
2v5
ln
v + 1
v − 1 −
9v4 + 4v2 + 3
v4
)
, (105)
and
q¯2 = q2 − (mb −mc)2 , v2 = 1− 4mbmc
q¯2
. (106)
Acting by the Borel operator Lτ (−q2) on eq.(104), one gets
∞∑
k=1
M4kf
2
Pk
(mb +mc)2
exp(−M2k τ ) =
1
π
∫
ds ℑmΠP (s) exp(−sτ ) + C ′G(τ) 〈
αS
π
G2〉 , (107)
where
Lτ (x) = lim
n,x→∞
xn+1
n!
(
− d
dx
)n
,
n
x
= τ , (108)
C ′G(τ) = Lτ (−q2) CG(q2) . (109)
For the exponential set in the left hand side of eq.(107), one uses the Euler-MacLaurin
formula
∞∑
k=1
M4kf
2
Pk
(mb +mc)2
exp(−M2k τ) =
∫ ∞
mn
dMk
dk
dMk
M4kf
2
Pk exp(−M2k τ) +
n−1∑
k=0
M4kf
2
Pk exp(−M2k τ ) + · · · . (110)
1In ref.[21] the dependence of the S-wave state density dn/dMn on the reduced mass of the system
with the Martin potential has been found by the Bohr-Sommerfeld quantization, so that at the step from
(b¯b) to (b¯q), the density changes less than about 15%.
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Making the second Borel transform LM2
k
(τ) on eq. (107) with account of eq.(110), one
finds the expression for the leptonic constants of the pseudoscalar (b¯c) states, so that
f 2Pk =
2(mb +mc)
2
M3k
dMk
dk
{
1
π
ℑmΠP (M2k ) + C ′′G(M2k ) 〈
αS
π
G2〉
}
, (111)
where we have used the following property of the Borel operator
Lτ (x) x
n exp(−bx)→ δ(n)+ (τ − b) . (112)
Explicit form for the spectral density and Wilson coefficients can be found in ref.[76].
Expression (111) is in the agreement with the above performed derivation of scaling
relation (17).
The numerical effect from the mentioned corrections is considered to be not large (the
power corrections are of the order of 10%), and the uncertainty, connected to the choice
of the quark masses, dominates in the error of the fBc value determination (see eq.(103)).
Thus, we have shown that, in the framework of the QCD sum rules, the most reliable
estimate of the fBc value (103) is coming from the use of the scaling relation (17) for
the leptonic decay constants of the quarkonia, and this relation agrees very well with the
results of the potential models.
3. Decays of Bc mesons
3.1. Life time of Bc mesons
The processes of the Bc meson decay can be subdivided into three classes a) the b¯-
quark decay with the spectator c-quark, b) the c-quark decay with the spectator b¯-quark,
c) the annihilation channel B+c → l+νl(cs¯, us¯), l = e, µ, τ .
The total width is summed from three partial widths
Γ(Bc → X) = Γ(b→ X) + Γ(c→ X) + Γ(ann) . (113)
The simplest estimates with no account for the quark binding inside the Bc meson and
in the framework of the spectator mechanism of the decay for the first and second cases,
lead to the expressions
Γ(b→ X) = G
2
F |Vbc|2m5b
192π3
· 9 ,
Γ(c→ X) = G
2
F |Vcs|2m5c
192π3
· 5 , (114)
So, that mb and mc are chosen for to represent correctly the spectator parts of the total
widths for the B and D mesons.
The width of the annihilation channel equals
Γ(ann) =
∑
i
G2F
8π
|Vbc|2f 2BcMbcm2i
(
1− m
2
i
m2Bc
)2
· Ci , (115)
29
Fig. 2.
The diagrams of the Bc meson decays: (a) the c-spectator decay; (b) the b-spectator
decay; (c) the annihilation
where Ci = 1 for the τντ channel and Ci = 3|Vcs|2 for the c¯s channel, and mi is the mass
of the most heavy fermion (τ or c).
Note that in the case of the nonleptonic decays, an account of the strong interaction
results in the multiplicative factor of enhancement to formulae (114)-(115) (see section
3.2).
The mentioned widths, calculated with the use of the know values of parameters
mq, |Vbc| = 0.046, |Vcs| = 0.96 etc., are presented in Table 15.
Thus, the rough estimate of the life time leads to τBc ≈ (2−5)·10−13 s. So, the fraction
of the c-quark decay is approximately 50 %, the b-quark one is 45 %, and the annihilation
Table 15.
The widths (10−6 eV) of the inclusive decays of b- and c-quarks in free and bound
states (in the Bc meson) and the branching ratios (BR in %) of inclusive Bc decays
Decay free B+c BR Decay free B
+
c BR
mode quarks mode quarks
b¯→ c¯+ e+νe 62 62 4.7 c→ s+ e+ + νe 124 74 5.6
b¯→ c¯+ µ+νµ 62 62 4.7 c→ s+ µ+ + νµ 124 74 5.6
b¯→ c¯+ τ+ντ 14 14 1.0 c→ s+ u+ d¯ 675 405 30.5
b¯→ c¯+ d¯+ u 248 248 18.7 c→ s+ u+ s¯ 33 20 1.5
b¯→ c¯+ s¯+ u 13 13 1.0 c→ d+ e+ν 7 4 0.3
b¯→ c¯+ s¯+ c 87 87 6.5 c→ d+ µ+ + νµ 7 4 0.3
b¯→ c¯+ d¯+ c 5 5 0.4 c→ d+ u+ d¯ 39 23 1.7
B+c → τ+ + ντ – 63 4.7 B+c → c+ s¯ – 162 12.2
B+c → c+ d¯ – 8 0.6 B+c → all – 1328 100
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channel is 5 %. However, these estimates do not take into account a quite strong binding
of the quarks inside the Bc meson: corresponding corrections to the estimates can reach
about 40 %.
Let us consider this effect in the semileptonic modes of decays with the spectator b¯-
quark. The final state of such decays generally contains the B(∗)s mesons with the more
small phase space of the lepton pair.
The effect of the phase space decrease is shown on Figure 3, where the kinematical
borders of Dalitz plot for the B+c → Bse+ν decay are compared with the borders for
the c-quark and calculated at different values of the c-quark mass. As one can see from
Figure 3, the end-point of the leptonic spectrum is approximately one and the same in
the different decays
Emax =
M2Bc −M2BS
2MBc
. (116)
However, the maximum values of the leptonic pair masses q2max are different.
One can easily find that the spectator model better describes the semileptonic decay
D → K. In the case of the Bc meson decay, the admissible kinematical region is strongly
reduced. With the account for the phase space reduction in the spectator model, one can
get [34]:
Γ(B+c → Xbe+ν) ≈ 0.71 Γ(D+ → Xse+ν) . (117)
The effect of the phase space reduction does not sizably appear in the case of decays
with the spectator c-quark. For such decays, as one can see from Figure 4, the spectator
model well describes the B meson decays as well as the Bc meson decays, and one can
believe that
Γ(B+c → Xce+ν) ≈ Γ(B+ → Xce+ν) . (118)
Another possible way of the estimate is related with the summation of the exclusive
decays into the channels Bse
+ν and B∗se
+ν. In agreement with the same kinematical
arguments, their sum is the main fraction of the semileptonic decays [82]. If one neglects
the decaying quark momentum inside the Bc meson, the admissible region of masses in
the inclusive semileptonic decay Q→ Q′eν is varied within the limits
(mq′ +msp)
2 < (M2x) < m
2
q′ +m
2
sp +msp
m2q′
mq
. (119)
From approximate formula (119) with the use of the constituent quark masses, one can
see, that the admissible Mx region in the decay Bc → Xc is varied in the limit of 200
MeV and, hence, the final state is saturated by the lowest states. For the considered case
(mq = mc = 1.7 GeV, mq′ = ms = 0.55 GeV and msp = mb = 5.1 GeV), this region has
the widths, equal to 340 MeV, that is less than the expected difference of masses between
the basic state and the first orbital excitation of the (b¯s) system.
Thus, one can consider that
Γ(B+c → Xbe+ν) ≈ Γ(Bc → Bs + eν) + Γ(Bc → B∗s + eν) . (120)
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Fig. 3.
The Dalitz diagrams for the semileptonic decays: (1) Bc → B∗s lν, (2) Bc → Bslν, (3)
D → K∗lν, (4) D → Klν, (5) c → slν (mc = 1.7 GeV, ms = 0.55 GeV), (6) c → slν
(mc = 1.5 GeV, ms = 0.15 GeV); E is the lepton energy, q
2 is the square of the lepton
pair mass
The results of different quark models for the semileptonic Bc decays (see section 3.2)
Fig. 4.
The Dalitz diagrams for the semileptonic decays: (1) Bc → ψlν, (2) Bc → ηclν, (3)
B → Dlν, (4) B → D∗lν, 5) b → clν, E is the lepton energy, q2 is the square of the
lepton pair mass
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lead to the following sum of the widths of decays into Bs and B
∗
s
Γ(Bc → Bs+eν)+Γ(Bc → B∗s+eν) ≈ (60±7)10−15 GeV ≈ 0.5 Γ(D+ → Xse+ν) . (121)
Accounting for the current theoretical uncertainties, one can calculate
Γ(Bc → Xb¯ + e+ν) = (0.6± 0.2) Γ(D+ → Xse+ν) . (122)
For the c-spectator decays, the calculations in quark models and QCD sum rules show,
that the semileptonic decays are saturated by the transitions into the lowest ηc and J/ψ
states, i.e.
Γ(B+c → Xce+ν) ≈ Γ(B+c → (ηc + J/ψ)e+ν) ≈ Γ(B+ → Xce+ν) . (123)
With the account for these factors, the probabilities of inclusive decays are presented
in Table 15. The widths of the hadronic inclusive decays, which are in details discussed
in Section 3.3, are also shown.
The compact sizes of Bc meson lead to the large value of the weak decay constant
(fBc ≈ 500 MeV), that enforces the role of the annihilation channel into the massive
fermions c, τ . The decays of Bc meson into the light fermions are suppressed due to
the forbidding over the spirality. Although the use of the effective masses for the u-
and d-quarks instead of the current masses can increase the width of the annihilation
channel into ud¯, the latter will yet be much less than the width into the heavy massive
fermions. In agreement with eq. (115), the conservative estimates of the annihilation
decay probabilities are presented in Table 15.
Thus, the consideration of three types of processes for the Bc meson decay leads to
the life time estimate
τBc ∼ 5 · 10−13 s
with the following approximate sharing of branching fractions: 37 %, 45 % and 18 % cor-
respond to the c-spectator mechanism, b¯-spectator one and the annihilation, respectively.
The uncertainty in the estimation of the Bc meson life time is generally related to the
choice of quark masses. The mass of b-quark mb = 4.9 GeV is chosen so that one can
describe the B meson life time in the framework of the spectator mechanism. Note, that
the differences of the life times for the charged and neutral B mesons are unessential and,
hence, the given choice of the mass is quite certain. For the D mesons, this is not the
case, since the life times of D+ and D0 mesons differ twice.
Nevertheless, there is another way, that is more reliable for the extraction of the c-
quark mass, this is the consideration of the semileptonic decays of D mesons. Indeed, the
value mc = 1.5 GeV in the spectator mechanism well describes the decays D
+ → K¯0e+ν
and D0 → K¯−e+ν, whose widths approximately are equal to each other. Note, at any
other reasonable choice of mc (from the total widths, say), the error in the Bc meson life
time will be not large, since the summed branching ratio of the Bc meson decays due to
the c-quark decays is about 40 %.
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Fig. 5. The diagram of the semileptonic decay of Bc meson
3.2. Semileptonic decays of Bc mesons
3.2.1. Quark models
In the framework of quark models, the semileptonic decays of Bc mesons are considered
in refs.[30,32,34]. The detailed study of the Bc meson decays in the quark model of the
relativistic oscillator WSB [71] has been first made in ref.[32] and further in ref.[34], where
the quark model ISGW [70] has also been used. The covariant description approach, early
offered for the composed quarkonium model, is developed in ref.[30].
Consider the amplitude of the B+c → MXe+νe transition with the weak decay of the
quark 1 into the quark 2 (Figure 5)
A =
GF√
2
V12 lµ H
µ , (124)
where GF is the Fermi constant, V12 is the element of the Kobayashi–Maskawa matrix.
The lepton current lµ is determined by the expression
lµ = e¯(q1)γµ(1− γ5)ν(q2) , (125)
where q1 and q2 are the lepton and neutrino momenta, respectively, (q1 + q2)
2 = t.
The Hµ quantity in eq.(124) is the matrix element of the hadronic current Jµ
Jµ = Vµ − Aµ = Q¯1γµ(1− γ5)Q2 . (126)
The matrix element for the Bc meson decay into the pseudoscalar state P can be
written down in the form
〈Bc(p)|Aµ|P (k)〉 = F+(t)(p+ k)µ + F−(t)(p− k)µ , (127)
and for the transition into the vector meson V with the mass MV and the polarization λ,
one has
〈Bc(p)|Jµ|V (k, λ)〉 = −(M +MV )A1(t) ǫ(λ)µ
+
A2(t)
M +MV
(ǫ(λ)p) (p+ k)µ
34
+
A3(t)
M +MV
(ǫ(λ)p) (p− k)µ
+i
2V (t)
M +MV
ǫµναβ ǫ
ν
(λ)p
αkβ. (128)
Relations (127), (128) define the form factors of the B+c → MXe+νe transitions, so,
for the massless leptons, F− and A3 do not give contributions into matrix element (124).
In the Covariant model of the quarkonium (see Appendix I), one can easily find
F+(t) =
1
2
(m1 +m2)
√
MP
M
1
m2
ξP (t) , (129)
F−(t) = −1
2
(m1 −m2 + 2msp)
√
MP
M
1
m2
ξP (t) , (130)
Here msp is the mass of the spectator quark (see Figure 5), and the function ξ(t) has the
form
ξX(t) =
(
2ωωX
ω2 + ω2X
)3/2
exp
{
− m
2
sp
ω2 + ω2X
tmax − t
MMX(
1 +
ω2
ω2X
(
1− tmax − t
4MMX
))}
, (131)
where MX is the recoil meson mass, ωX is the wave function parameter (I.6)-(I.8) for the
recoil meson.
tmax = (M −MX)2 , (132)
tmax is the maximal square of the lepton pair mass.
For the vector state one has MV =MX , and we obtain
V (t) =
1
2
(M +MV )
√
MV
M
1
m2
ξV (t) , (133)
A1(t) =
1
2
M2 +M2V − t+ 2M(m2 −msp)
M +MV
√
MV
M
1
m2
ξV (t) , (134)
A2(t) =
1
2
(M +MV )
(
1− 2msp
M
)√
MV
M
1
m2
ξV (t) , (135)
A3(t) = −1
2
(M +MV )
(
1 +
2msp
M
)√
MV
M
1
m2
ξV (t) . (136)
It is interesting to note, that the exponential form of the form factor dependence on t
(131) can be quite accurately represented, in the admissible kinematical region, by the
form, corresponding to the model of the meson dominance
ξk(t) = ξk(0)
1
1− t/m2k
, (137)
where mk are presented in Table 16. One can see from eqs.(130)–(136), that the form
factors (excepting A1(t)) are also representable in form (137), and the degeneration takes
place
mV = mA2 = mA3 ≈ m+ , (138)
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Table 16. The mk parameters (in GeV) for the ξ(t) representation in eq.(137)
B+c → ψe+νe B+c → ηce+νe B+c → Bse+νe B+c → B∗se+νe
mk , GeV 6.3 6.45 1.9 1.95
if ωP ≈ ωV , MP ≈MV .
As for the A1(t) form factor, it can be represented in the form
A1(t) = ϕ(t)
1
1− t/m2A1
= a1 +
A′1(0)
1− t/m2A1
, (139)
where
mA1 = mV , (140)
A′1(0) =
1
2
M2 +M2V −m2A1 + 2M(m2 −msp)
M +MV
√
MV
M
1
m2
ξV (0) , (141)
a1 = A1(0)−A′1(0) . (142)
The values of the transition form factors at zero mass of the lepton pair are shown in
Table 17. The numerical calculations in ref.[30] have been performed for the mass values
mb = 4.9 GeV , mc = 1.6 GeV ms = 0.5− 0.55 GeV . (143)
The element of the Kobayashi–Maskawa matrix has been taken equal to Vbc = 0.046.
The fBc constant in ref.[30] has been varied in the limits
fBc = 360− 570 MeV , (144)
where the upper limit corresponds to the values, obtained in the nonrelativistic potential
model [34,52], in the parton model [75], and in the QCD sum rules [36,76]. The lower
limit corresponds to the value, obtained in the Borel sum rules of QCD [36,76]. Note,
that for the B+c → ψe+νe decay, the result weakly depends on the fBc choice (3 %).
One has also supposed
fηc = fψ , (145)
Table 17. The form factors of the semileptonic Bc decays
mode F+(0) A1(0) A
′
1(0) A2(0) V (0)
B+c → ψe+νe – 0.73 0.14 0.67 1.31
B+c → ηce+νe 0.89 – – – –
B+c → Bse+νe 0.61 – – – –
B+c → B∗se+νe – 0.52 – −2.79 5.03
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and one has varied the values
fBS = 100− 110 MeV , (146)
fB∗
S
= 160− 180 MeV , (147)
that does not contradict the estimates, made in the QCD sum rules [12].
Note, that for the semileptonic Bc meson decays B
+
c → MXe+νe, where MX is the
recoil meson, the explicit covariance of the model allows one to take into account correc-
tions on the velocity of the MX meson. As for corrections due to the quark motion inside
the meson, they are taken into account due to the difference between the constituent and
current masses of the quark.
In the ISGW model for the meson state vector, one uses the following nonrelativistic
expression
|X(pX ; sx)〉 =
√
2mx
∫
d3p
∑
CsxLSmLmSφX(p)LmLχ
SmS
ss¯
|q
(
mq
mx
pX + p, s
)
q¯
(
mq¯
mx
pX − p, s¯
)
〉. (148)
where χSmSss¯ is the spin wave function of the quark-antiquark pair in the state with the
total spin S and the spin projection mS, C
sxLS
mLmS
is the coupling between the orbital
momentum L and the total spin S of the system with the total momentum sx; φX(p)LmL
is the corresponding nonrelativistic wave function, pX is the meson momentum, p is the
relative momentum of quarks. In the considered model, the meson mass is equal to the
sum of quark masses in the approximation of infinitely narrow wave package, only.
As the probe functions, the nonrelativistic oscillator wave functions have been chosen
Ψ1S =
β3/2s
π3/4
exp
(
−β
2
sr
2
2
)
,
Ψ1P11 = −
β
5/2
P
π3/4
r exp
(
−β
2
P r
2
2
)
,
Ψ2S = (
2
3
)1/2
β
7/2
S
π3/4
(r2 − 3
2
β−2S ) exp
(
−β
2
Sr
2
2
)
.
The β parameters have been determined by the variational principle and the Cornell
potential [5].
In the WSB model, the mesons are considered as a relativistic bound state of a quark
q1 and an antiquark q¯2 in the system of infinitely large momentum [71]:
|P,m, j, jz〉 =
√
2(2π)3/2
∑
s1,s2
∫
d3p1 d
3p2 δ
3(p− p1 − p2)
Lj,jzm (p1t, x, s1, s2)a
s1+
1 (p1)b
s2+
2 (p2)|0〉,
where Pµ = (P0, 0, 0, P ), and at P → ∞, x = p1z/p corresponds to the momentum
fraction, carried out by the nonspectator quark, p1t is the transverse momentum.
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For the orbital part of wave function, the solution of the relativistic oscillator is used
Lm(pt, x) = Nm
√
x(1 − x) exp
(
− p
2
t
2ω2
)
exp
[
−m
2
2ω2
(
x− 1
2
− m
2
q1 −m2q2
2m2
)2]
. (149)
In the both models, the calculation of hadronic matrix elements 〈Bc(p)|Jµ|X(k)〉 comes
to the calculation of the matrix elements of the quark currents between the quark states
and the overlapping the corresponding wave functions.
In the potential models, the bound state of two particles is described by the wave
function with the argument, being the relative momentum of the particle motion in the
meson system of the mass centre. However, in the case of the decays with large recoil
momenta, one can not chose the system, where the both mesons (the initial one and the
decay product) would be at rest, so that one has a kinematical uncertainty in the form
factor values.
For instance, in the ISGW model the form factor dependence on the invariant mass
of lepton pair t is determined by the function ξ(t):
ξIGSW(t) =
(
2ββ1
β2 + β21
)3/2
exp
(
− m
2
sp
2M˜M˜1
tmax − t
k2(β2 + β21)
)
; (150)
where β and β1 are the parameters of wave functions for the initial and final mesons, msp
is the spectator quark mass, M˜ and M˜1 are the model parameters (the masses of the initial
and final ”mock”-mesons) [70]. The k parameter in eq.(150) is introduced synthetically
for the correct description of the electromagnetic form factor of π meson (k = 0.7). So,
the authors of ref.[70] related this factor with possible relativistic corrections at large
recoil momenta.
Recently in ref.[83], the model for the description of the heavy quarkonium decays
has been offered. In this model, the required behaviour of form factors (at k = 0.7)
is automatical with no introduction of additional parameters. In contrast to the above
mentioned approaches (the Covariant quark model and ISGW model), the nonrelativistic
approximation is performed for the hadronic matrix element as a whole, but it is not
performed separately for the wave functions of the initial and final states, only. At small
recoil momenta, this formalism practically repeats the ISGW model, but at large mo-
menta, there are some differences in the structure of the spin part of the wave function
and the argument of the wave function of the final meson. So, the latter change is the
most important and it leads to the difference in the form factor dependence on t [84].
The transition form factors in the ISGW model depend on βBc and βBS . For its
values, βBc = 0.82 and βBS = 0.51 are obtained from the variational principle. Since
the considered model is the nonrelativistic approximation, the form factors are the most
accurately predicted at q2 = q2max = (MBc −MX)2 (at the maximal value of the lepton
pair invariant mass).
One can calculate the form factors in the region of low q2 values in two different ways:
by the use of the exponential dependence on q2 as in ISGW or in the pole model of meson
dominance. The results for the decay widths, calculated in these ways, are presented in
Table 21. The additional parameter in the ISGW model is k = 1 (150).
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The results, obtained in ref.[83], is also presented in the same Table. In the constituent
quark model, the exponential dependence of the form factors can be represented in the
pole form. As one can see from Table 21, in the ISGW model for the decays, where the
c-quark is the spectator, the exponential dependence and the pole model give the different
results.
In the WSB model, the form factor values at q2 = 0 are predicted dependently of
the ω parameter (see eq.(149)), that corresponds to the average transverse momentum
of quarks inside the meson. In ref.[34] the ω values were equal to the average p2t values,
estimated in the ISGW model (ωX ≈ βX). Note, that the ω parameter is external for the
WSB model.
The results of the mentioned approaches are presented in Table 21.
Note, that the relative yield of the pseudoscalar states in respect to the vector states
is much greater in ref. [83], where Γ∗/Γ ≈ 2 in comparison with Γ∗/Γ ≈ 3–4 in the ISGW
model. This leads to that, for example, the exclusive decay modes B+c → ψ(ηc)e+νe
practically saturate the b→ ceν transition. This feature is analogous to the consideration
of the B → D(∗)eν decay, that also saturates free b-quark decay. The decays into the
excited states and manyparticle modes are suppressed.
As one can see, these three models for the decays with the spectator b-quark, give the
close values
Γ(Bc → Bs + e + ν) + Γ(Bc → B∗s + e+ ν) = (60± 7) · 10−6 eV.
Note also, that in the case of the heavy quarkonium Bc, the application of the non-
relativistic wave function instead of the wave function of the relativistic oscillator in the
meson of the WSB model, seems to be more acceptable. This circumstance and uncer-
tainty in ω, maybe, explain, why the WSB model gives the underestimated value for the
width of the B+c → J/ψ + e + ν decay.
3.2.2. B+c → J/Ψ(ηc)e+ν decay in QCD sum rules
The most suitable for the registration modes of the Bc decays are the semileptonic or
hadronic transitions with the J/ψ particle in the final state. But in the QCD sum rules
(SR) [30,36,35] and in the quark models, one found different results for both the widths of
the corresponding decays and the form factors of the transitions, although in the frame-
work of the separate approach, the calculations, performed in different ways, coincided
with each other. Recently in ref. [31], one has shown that the existing discrepancy can
be cancelled by means of account for the higher QCD corrections in SR.
The widths of the semileptonic Bc decays are defined, in general, by the form factors
F+, V , A1 and A2 (see eqs.(127), (128)). Following the notation of ref.[31], redefine the
form factors (127), (128) in the way
f+ = F+, F
A
0 = (MBc +MV )A1,
FA+ = −
A2
MBc +MV
, FV =
V
MBc +MV
.
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For the calculation of these form factors in the QCD SR, let us consider the three-point
functions
Πµ(p1, p2, q
2) = i2
∫
dx dy exp{i(p2x− p1y)}
〈0|T{c¯(x)γ5c(x), Vµ(0), b¯(y)γ5c(y)}|0〉 , (151)
ΠV,Aµν (p1, p2, q
2) = i2
∫
dx dy exp{i(p2x− p1y)}
〈0|T{c¯(x)γνc(x), JV,Aµ (0), b¯(y)γ5c(y)}|0〉 , (152)
Introduce the Lorentz structures in the correlators
Πµ = Π+(p1 + p2)µ +Π−qµ, (153)
ΠVµν = iΠV ǫµναβp
α
2 p
β
1 , (154)
ΠAµν = iΠ
A
0 gµν +Π
A
1 p
µ
2p
ν
1 +Π
A
2 p
µ
1p
ν
1 +Π
A
3 p
µ
2p
ν
2 +Π
A
4 p
µ
1p
ν
2. (155)
The form factors f+, FV , F
A
0 and F
A
+ are determined by the amplitudes Π+, ΠV , Π
A
0
and ΠA+ =
1
2
(Π1 + Π2), respectively. For the amplitudes, one can write down the double
dispersion relation
Πi(p
2
1, p
2
2, q
2) = − 1
(2π)2
∫
ρi(s1, s2, Q
2)
(s1 − p21)(s2 − p22)
ds1ds2, (156)
where Q2 = −q2 > 0.
The integration region in eq.(156) is determined by the condition
− 1 < 2s1s2 + (s1 + s2 − q
2)(m2b −m2c − s1)
λ1/2(s1, s2, q2)λ1/2(m2c , s1, m
2
b)
< 1, (157)
where λ(x1, x2, x3) = (x1 + x2 − x3)2 − 4x1x2.
In accordance with the general ideology of the QCD sum rules [11], the right hand,
theoretical, side of eq.(156) can be calculated at large euclidian p21 and p
2
2 values by the use
of the operator product expansion (OPE). The perturbative parts of the corresponding
spectral densities (the unit operator in OPE) to the one loop approximation are presented
in Appendix II. Since we consider the systems, composed of the heavy quarks, one can
neglect the power corrections [36].
Consider the physical part of SR. As has been already mentioned in the consideration
of the axial constant of Bc, there are two approaches. In the first one, one assumes that
the physical part includes the contribution of the lowest mesons and the continuum, that
is approximated by the perturbative part of the spectral function from some threshold
values s10 and s
2
0 [35,36]. The contribution of the higher excitations and the continuum
is suppressed due to the Borel transformations over two variables (−p21) and (−p22). The
numerical results, obtained in such way of ref.[35,36], are presented below.
In the second way, one saturates the spectral density by infinite number of narrow
resonances [30], so that
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ρ+(s1, s2, Q
2) = (2π)2
∞∑
i,j=1
f iBc
M iBc
2
mb +mc
f jηc
M jηc
2
2mc
f ij+ (Q
2)
δ(s1 −M iBc
2
)δ(s2 −M jηc
2
)
ρV (s1, s2, Q
2) = 2(2π)2
∞∑
i,j=1
f iBc
M iBc
2
mb +mc
M jψ
2
gψ
F ijV (Q
2)
δ(s1 −M iBc
2
)δ(s2 −M jψ
2
)
ρA0,+(s1, s2, Q
2) = (2π)2
∞∑
i,j=1
f iBc
M iBc
2
mb +mc
M jψ
2
gψ
F ij0,+(Q
2)
δ(s1 −M iBc
2
)δ(s2 −M jψ
2
) (158)
Substituting the expressions for the spectral densities (158)–(158) in the dispersion
relations for correlators (156) to the one hand, and their perturbative values to the other
hand, one gets the corresponding sum rules.
Applying the procedure, described in Appendix III, for the both sums over the reso-
nances, one obtains for the form factors under consideration
fkl+ (Q
2) =
8mc(mb +mc)
MkBcM
l
ηcf
k
Bcf
l
ηc
dMkBc
dk
dM lηc
dl
1
(2π)2
ρ+(M
k
Bc
2
,M lηc
2
, Q2) , (159)
F klV (Q
2) =
2(mb +mc)g
l
ψ
MkBcM
l
ψf
k
Bc
dMkBc
dk
dM lψ
dl
1
(2π)2
ρV (M
k
Bc
2
,M lψ
2
, Q2) ,
F kl0,+(Q
2) =
4(mb +mc)g
l
ψ
MkBcM
l
ψf
k
Bc
dMkBc
dk
dM lψ
dl
1
(2π)2
ρ0,+(M
k
Bc
2
,M lψ
2
, Q2) . (160)
Choosing the k and l values, one can extract the transitions between the given res-
onances. At k = l = 1, one gets the required form factors for the B+c → J/ψ(ηc)e+ν
decays.
Thus, we use the phenomenological parameters dMk/dk instead of the additional
parameters such as the continuum thresholds. As has been mentioned, the former is, in
a sense, the density of the quarkonium states with the given quantum numbers. One can
quite accurately calculate these factors. The masses of the radial excitations of ψ are
known experimentally [15], and for the Bc and ηc systems, composed of the heavy quarks,
one can use the predictions of the potential models [5–10,52,57–66].
The dMk/dk values at k = 1 for the systems under the consideration, are presented
in Table 18.
Let us chose the following values of parameters fBc = 360 MeV, fηc = 330 MeV, [36,76],
mb = 4.6±0.1 GeV, mc = 1.4±0.05 GeV, gJ/ψ = 8.1 (from the data on Γ(J/ψ → e+e−)).
For the axial constant, we chose 360 MeV [30] instead of 460, to compare the form
factor values with the results of ref.[36]. The Bc meson mass will be varied from 6.245
to 6.284 GeV (the data of the different potential models). Note, that at such choice of
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Table 18. The derivatives dMk/dk (in GeV) for the lowest states
Quarkonium Bc J/ψ ηc
dMk/dk |k=1 0.75 0.75 0.76
the parameters, we do not go out from the integration region (157). In ref.[36] one used
MBc = 6.35 GeV. The form factors values, obtained in ref.[30,36,35] at Q
2 = 0, are show
in Table 19. The deviation from the central values in Table 19 corresponds to the variation
of the quark and Bc meson masses within the limits, mentioned above (for [30]). As in
the case of the potential models, the SR predictions agree with each other.
In ref.[30], the form factors have the following pole behaviour
Fi(Q
2) =
Fi(0)
1 +Q2/m2pole
φi(Q
2) , (161)
where mpole = 6.3–6.4 GeV, and φi(Q
2) = 1+aiQ
2. The representation of f+, FV , F
A
0 and
FA+ by the form (159)–(160) gives the following ai values, which are quite low and equal
to −0.025, −0.007, −0.012, −0.02 respectively. The behaviour, considered above, does
not practically differ from the ordinary pole behaviour [30], where ai = 0. The results for
the transition widths are presented in Table 20.
As one can see from Tables 19 and 20, the results of the Borel SR are, in general, in
a good agreement with the results of the considered approach, within the model errors.
The widths, obtained in ref.[35], are greater, than in ref.[30,36], since in ref.[35], the q2-
dependence of the transition form factors strongly differs from the behaviour, expected
in the meson dominance model.
The deviation from the quark models is related, from our point of view, with that in
the calculations of the transition form factors in the QCD sum rules, one has to account
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Fig. 6. The Coulomb corrections in the semileptonic Bc meson decay
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Table 19. The form factors of the Bc → J/ψ(ηc)eν transitions at Q2 = 0
f+(0) FV (0) F
A
+ (0) F
A
0 (0) Reference
GeV−1 GeV−1 GeV
0.23± 0.01 0.035± 0.03 −0.024± 0.002 2± 0.2 [30]
0.2± 0.02 0.04± 0.01 −0.03± 0.01 2.5± 0.3 [36]
0.55± 0.1 0.048± 0.007 −0.030± 0.003 3.0± 0.5 [35]
for αS/v-corrections, where v is the relative velocity of the quarks inside the meson. For
the heavy quarkonia, where the velocity of the quark motion is small, such corrections,
corresponding to the Coulomb-like interactions (Figure 6), can play an essential role [31].
Indeed, the spectral densities ρi(s1, s2, Q
2), determining the Bc decay form factors, are
calculated near the threshold s1 =M
2
Bc , s2 = M
2
ηc, ψ. When the recoil meson momentum
is small, the calculation of the ladder diagrams in the formalism of the nonrelativistic
quantum mechanics (see [17], Figure 6), leads to the finite renormalization of ρ, so that
ρ¯i(s1, s2, Q
2
max) = C ρi(s1, s2, Q
2
max) , (162)
where the factor C has the form
C =
∣∣∣∣ Ψ
C
Bc(0)Ψ
C
ηc, ψ(0)
ΨfreeBc (0)Ψ
free
ηc, ψ(0)
∣∣∣∣ , (163)
and ΨC, free(0) are the Coulomb and free wave functions of quarks, so that
∣∣∣∣ Ψ
C(0)
Ψfree(0)
∣∣∣∣2 = 4παS3v [1− exp(−
4παS
3v
)]−1 . (164)
For the two-point quark correlators, determining the decay constants f of the heavy
quarkonia ψ, Υ, Bc, the account for factor (163) led to the essential enhancement of f ,
so that one observed the agreement with the experimental data on fψ and fΥ. Note, that
the expansion in (164) over αS/v → 0 exactly leads to the dominant term, appearing in
account for the one-loop αS-corrections to the two-point correlator of currents. Moreover,
these corrections have been taken into account in the evaluation of f for the three-point
Table 20.
The widths (in units 10−6 eV) of the semileptonic Bc decays in the QCD sum rules
with no account of αS/v-corrections
mode [30] [36] [35]
B+c → J/ψe+ν 4.6 7 10.5
B+c → ηce+ν 1.4 1 9.
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correlators, but one did not take into account the loop corrections in the determination
of the three-point spectral densities.
One would, in a logics, not to account for the αS-corrections in the f evaluation as
well as in the ρ determination, or one would take into account these corrections in both
cases. As one can see, for example, from (159), one can write down
fkl+ (Q
2) =
8mc(mb +mc)C
MBcMηcf
(0)
Bc f
(0)
ηc C
1/2
Bc C
1/2
ηc
dMkBc
dk
dM lηc
dl
1
(2π)2
ρ
(0)
+ (M
k
Bc
2
,M lηc
2
, Q2)) , (165)
where the f (0) and ρ(0) values are calculated with no account for the αS-corrections, and
the factors C appear due to the Coulomb-like corrections and defined in eqs.(163), (164).
It is evident, that
C
C
1/2
Bc C
1/2
ηc
= 1 . (166)
Thus, in the determination of the transition form factors, we can use the ”bare” f and ρ
quantities, calculated in zero approximation over αS [85], instead of that, say, was done in
ref. [36], where ρ(0) was used without the C factor and the f constants with the account
for the αS-corrections, i.e. with the factors CBc and Cηc, ψ, were instantaneously used.
As the result, one gets the following values for the form factors f+ and F
A
0 [31]
f+(0) = 0.85± 0.15 , FA0 = 6.5± 1 GeV.
For the corresponding widths, one has found [31]
Γ(B+c → ψe+ν) ≈ 44 · 10−6 eV , Γ(B+c → ηce+ν) ≈ 15 · 10−6 eV.
Note, that we have neglected the contributions of the form factors FV and F
A
+ in the decay
Bc → J/ψeν. This can result in the overestimation of the widths values up to 10–20 %.
One can make the agreement between the obtained values of the widths and the results
of the quark models (see Table 21) within the limits of the theoretical uncertainties of the
used methods.
Comparing the results of the QCD SR and the quark models, one can accept as a
central value of the Bc → J/ψeν decay width (with the accuracy about 40 %)
Γ(Bc → J/ψeν) ≈ 40 · 10−6 eV,
that corresponds to the branching fraction, equal to 3 %. Then the relative probability
of the three lepton yield in the Bc decays, when two of them reconstruct J/ψ, equals
Br(B+c → (l+l−)J/ψl′+ν) ≈ 8 · 10−3,
where l, l′ denotes e or µ.
3.2.3. Approximate spin symmetry
In the bound state, the heavy quark virtualities are much less than their masses, i.e.
the following kinematical expansion for the quark momentum pQ is accessible
pµQ = mQ · vµ + kµ , (167)
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Table 21.
The partial widths (in 10−6 eV) of the semileptonic Bc decays (ISGW1 and ISGW2
are the results of the ISGW model with the exponential dependence of the form
factors and the pole model, respectively)
mode ISGW1 [34] ISGW2 [34] WSB [34] [30] [83]
B+c → ψe+νe 38.5 53.1 21.8 37.3 34.4
B+c → ηce+νe 10.6 16.1 16.5 20.4 14.2
B+c → D0e+νe 0.033 0.12 0.002 – 0.094
B+c → D0∗e+νe 0.13 0.32 0.011 – 0.268
B+c → ψ(2S)e+νe – – – – 1.45
B+c → η′ce+νe – – – – 0.727
B+c → Bse+νe 16.4 17.9 11.1 16± 4 26.6
B+c → B∗se+νe 40.9 46.3 43.7 41± 6 44.0
B+c → Bde+νe 1.0 1.1 0.5 – 2.30
B+c → B∗de+νe 2.5 3.0 2.9 – 3.32
so that
v · k ≈ 0 , |k2| ≪ m2Q . (168)
Then in the system, where v = (1, 0), the heavy quark hamiltonian in a gluon field of an
external source has the form
H = mQ + V (r) +
k2
2mQ
+ g
σ ·B
2mQ
+O
(
1
m2Q
)
, (169)
so that in the limit ΛQCD ≪ mQ, the spin-flavour symmetry EHQT [14] takes place for
hadrons with a single heavy quark.
For the heavy quarkonium, one has purely phenomenologically, that the kinetic energy
does practically not depend on their flavours, however, the value of the potential energy
term V (r) is determined by the average distance between the heavy quarks. This distance
depends on the quark masses, i.e. the flavours. Therefore, there is no flavour symmetry
of the wave functions in the heavy quarkonium. However, the magnetic field of the heavy
quark is determined by its motion velocity (as well as magnetic moment). The quark
motion is nonrelativistic in the heavy quarkonium, so that
B ∼ O(v) ∼ O
(
1
mQ
)
. (170)
From eqs.(169), (170) it follows, that the spin-dependent potential in the heavy quarko-
nium appears in the second order over the inverse heavy quark masses (see Section 2)
VSD ∼ O
(
1
m2Q
)
. (171)
Thus, in the leading approximation for the heavy quarkonium, one can neglect the spin-
dependent forces in comparison with the kinetic energy and the nonrelativistic potential.
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This means, that in this approximation, the quark spin is decoupled from the interaction
with the gluons of low virtualities, therefore the masses of the nLJ quarkonium states are
degenerated over J , and these states have the identical wave functions.
Thus, there is the approximate spin symmetry for the heavy quarks in the heavy
quarkonium.
Further, let us consider the matrix element
M = 〈nSLJ(QQ¯′)|Γ|h〉 , (172)
where Γ is the operator of quark currents, h is a state. Then the spin symmetry means
that the action of spin operators of the heavy quark is factorized, and the matrix element
M¯ , obtained by the action of the quark Q spin (or by the antiquark Q¯′ spin)
SQµ =
1
4
ǫµναβ v
ν
Qσ
αβ , σαβ =
i
2
[γα; γβ] , (173)
is related with the matrix element M by the equation
M¯ = 〈nSLJ(QQ¯′)|SQµ Γ|h〉 =
∑
CJJ
′
SS′ 〈nS
′
LJ ′(QQ¯
′)|Γ|h〉 , (174)
where M¯ is the sum of the matrix elements with J ′, and CJJ
′
SS′ are defined by the rules for
the spin operator action.
For the semileptonic B+c → ηc(ψ)l+ν decays, the spin symmetry is valid in the point of
zero recoil of ηc(ψ). Indeed, in this case the spectator c-quark and the c¯-quark, produced
in the weak decay of the b¯-quark, are practically at rest in respect to each other, so binding
into the state, they interact with low virtualities, characteristic for the heavy quarkonium.
At a nonzero velocity of the c¯-quark, it must exchange with the c-quark by a momentum,
comparable with its mass, for to make the bound state, where their velocities are close.
Thus, at the nonzero meson recoil, the gluons with high virtualities can shift the heavy
quark spin, and the spin symmetry does already not take place.
At the zero recoil of the charmonium vBc = vηc(ψ), in the covariant amplitude of the
weak current, the nonzero contributions are given by A1(t), F±(t) at t = tmax, and the
heavy quark spin symmetry means, that
(MBc +Mηc) F+ + (MBc −Mηc) F− = (MBc +Mψ) A1 , t = tmax , Mηc =Mψ . (175)
Thus, in the approximation of zero spin-dependent splitting of the heavy quarkonium,
one derives the specific relation for the form factors of the semileptonic exclusive Bc decays
into the charmonium.
Note now, that the covariant model, considered above, gives the semileptonic form
factor values for the Bc decay into the charmonium, so that these quantities satisfy the
symmetry relation (175). In contrast to the decays of the heavy hadrons with a single
heavy quark, where the form factor normalization at zero recoil is fixed due to the flavour
symmetry, the normalization of form factors for the weak semileptonic transitions between
the heavy quarkonia is determined by the overlapping of their wave functions, which
depend on the quarkonium model. For the oscillator wave functions in the considered
potential model, we get
(MBc +Mψ) A1(tmax) =
√
2MBc2Mψ ξ(tmax) , (176)
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where
ξ(tmax) =
(
2ωBcωψ
ω2Bc + ω
2
ψ
)3/2
. (177)
In ref.[37] the factor ξ(tmax) was determined in the quarkonium model with the Coulomb
potential, that is quite rough approximation.
Note further, that in the semileptonic Bc decay, the lepton pair kinematically has, in
average, large invariant massesm(l+ν) ≈ 1.9 GeV, so that the A1 form factor contribution
dominates, and in accordance with the meson dominance of the t-dependence of the form
factors, relation (175), giving A1(tmax), determines, in a sense, the matrix element of
the semileptonic B+c → ψ(ηc)l+ν decay. This feature can be used for the determination
of the Bc meson mass from the ψl
+ mass spectrum as well as the element |Vbc| of the
Kobayashi–Maskawa matrix.
3.3. Hadronic decays of Bc mesons
Although the semileptonic B+c → J/ψµ+(e+)νµ(νe) decays can serve as a good trigger
for the Bc registration, the complete Bc reconstruction needs a large statistics because of
the neutrino presence in the decay products. The direct measurement of the Bc meson
mass is possible only in the hadronic exclusive decays. The preliminary estimates of
some nonleptonic decay widths with the J/ψ particle in the final state were made in refs.
[29,33,81] in the framework of the potential models. The hadronic decays were in details
considered in refs.[32,34,83]. In ref.[34] for the calculations of the transition form factors,
one used the WSB and ISGW models, mentioned above. In the calculations of the decay
widths, the phase space reduction was accounted for the c-spectator decays (see Section
3.1), in contrast to some other calculations [33,81]. In the forthcoming consideration of
the hadronic decays of the Bc meson, we will follow the results of the latter paper.
The effective four-fermion hamiltonian for the nonleptonic decays of the c- and b-
quarks has the form [86]
Hceff =
G
2
√
2
Vuq1V
∗
cq1[C
c
+(µ)O
c
+ + C
c
−(µ)O
c
−] + h.c. , (178)
Hbeff =
G
2
√
2
Vq1bV
∗
q2q3[C
b
+(µ)O
b
+ + C
b
−(µ)O
b
−] + h.c. , (179)
where
Oc± = (q¯1αγν(1− γ5)cβ)(u¯γγν(1− γ5)q2δ)(δαβδγδ ± δαδδγβ),
Ob± = (q¯1αγν(1− γ5)bβ)(q¯3γγν(1− γ5)q2δ)(δαβδγδ ± δαδδγβ).
The factors Cc,b± (µ) account for the strong corrections to the corresponding four-
fermion operators because of hard gluons [34,86].
The transition amplitudes must not depend on the subtraction point µ, if one consis-
tently calculates them in the perturbation theory, i.e. one constructs the corresponding
functions of the initial and final hadronic states in the perturbation theory, in accordance
to the operators.
The problem is complicated, when one deals with the factorization approximation,
used for the calculation of the matrix elements. In this approximation, one assumes
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that the current is proportional to a single stable or quasistable hadronic field, and one
calculates its matrix element between the vacuum and the corresponding asymptotic
hadronic state, so this procedure gives a value, proportional to the decay constant of
hadron. After that, the amplitude of the weak decay is factorized and it is completely
determined by the hadronic matrix element of an other current, that can be calculated
by use of a model, as in the case of the semileptonic decays. In this approximation, the
interaction in the final state is neglected.
Note, that the exact factorization takes place in the leading order of the 1/Nc expansion
[87]. In this approximation, one has to be careful in the choice of the subtraction point,
since the matrix elements depend on µ. (The dependence of coefficients for the four-
fermion operators of effective hamiltonian on the subtraction point does not compensated
by the functions of the initial and final states.) The most suitable choice is µ ≈ mc,
since the radius of the Bc meson is determined by the c-quark mass, and the transferred
momenta in the decays are about mc [34].
The anomalous dimensions of the Oc+ and O
c
− operators at µ = mc have the form
γ± = −αS
2π
3
Nc
(1∓Nc) (180)
In the leading logarithm approximation at µ > mc, one has [88]
Cc+(µ) =
(
αS(M
2
W )
αS(m2b)
)6/23(
αS(m
2
b)
αS(µ2)
)6/25
,
Cc−(µ) = [
c
+(µ)]
−2. (181)
at αS(m
2
c) = 0.27, αS(m
2
b) = 0.19, αS(M
2
W ) = 0.11, one has the values C
c
+(mc) = 0.80
and Cc−(mc) = 1.57.
At µ > mb, the anomalous dimensions of the C
b
± operators are determined by eq.(180),
but at mc < µ < mb one finds
γ± = −αS
2π
[3
N2c − 1
4Nc
+
3
2Nc
(1∓Nc)], (182)
Cb+(µ) =
(
αS(M
2
W )
αS(m2b)
)6/23(
αS(m
2
b)
αS(µ2)
)−3/25
, (183)
Cb−(µ) =
(
αS(M
2
W )
αS(m
2
b)
)−12/23(
αS(m
2
b)
αS(µ2)
)−12/25
. (184)
The numerical values are Cb+(mc) = 0.90 and C
b
−(mc) = 1.57.
For the nonleptonic inclusive spectator decays of Bc meson, the enhancement factor
due to the ”dressing” of the four-fermion operators by hard gluons, is equal to
3[C2+
Nc + 1
2Nc
+ C2−
Nc − 1
2Nc
], (185)
where 3 is the colour factor. For the annihilation decays, the corresponding factor equals
3[C+
Nc + 1
2Nc
+ C−
Nc − 1
2Nc
]2. (186)
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The widths of the annihilation and inclusive spectator decays are presented in Table
15. As has been mentioned, the quark masses have the following values mc = 1.5 GeV,
mb = 4.9 GeV and ms = 0.15 GeV, i.e. one takes the choice for the good description
of both the semileptonic decays of B and D mesons and the total B meson width. The
enhancement factors (185), (186) are calculated in the large Nc limit (this approximation
gives a good description of B and D meson decays [71,89]). For the b-spectator decays,
one accounts for the phase space reduction, in contrast to calculations in ref.[32].
The results of calculations for the widths of exclusive decays (here we consider the two-
particle states) were performed in the models of WSB, ISGW and [83] and are presented
in Tables 22 and 23. The Cabibbo nonsuppressed widths of b-spectator decays are shown
in Table 22.
The a1 and a2 coefficients, accounting for the renormalization of the four-fermion
operators, are defined in the following way
a1 = C+
Nc + 1
2Nc
+ C−
Nc − 1
2Nc
, (187)
a2 = C+
Nc + 1
2Nc
− C−Nc − 1
2Nc
. (188)
In the limit Nc →∞ one has
a1 ≈ 0.5 · (C+ + C−),
a2 ≈ 0.5 · (C+ − C−). (189)
The a1 and a2 values, used in refs.[34,83], differ from each other because of a different
choices for the quark masses and the ΛQCD parameter.
Note, that for the decays with the B mesons in the final state, the contribution of the
annihilation and ”penguin” diagrams is suppressed as O(sin10 θc). As one can see from
Table 22, the WSB results agree with the ISGW model, and the sum of the two-particle
decay widths is equal to the total inclusive width of the b-spectator decay (see Table 15).
The widths in the model of ref.[83] are slightly greater. The reason for the deviation
from the results of two other models can be the fact, that for the b-spectator decays,
there are B and Bs mesons in the final state, so that these mesons are relativistic systems
because of the light quark presence and, hence, the nonrelativistic approximation can
poorly work.
Among the c-spectator decays, the widths, presented in Table 23, are given for the
decays, where the WSB and ISGW models result in close values and one can neglect
contributions of the annihilation and ”penguin” diagrams. As one can see from Table 23,
the data of ISGW model well agree with the results of model [83].
The total inclusive nonleptonic width of the Bc meson decay with the J/ψ particle in
the final state can be obtained from the corresponding width of the semileptonic decay
Γ(Bc → J/ψXud¯(s¯)) = 3 · a21Γ(Bc → J/ψeν)|Vud(s)|2 . (190)
In the large Nc limit, one has 3 · a21 = 4.6 (a1 = 1.18) and
Γ(Bc → J/ψXud¯(s¯)) ≈ 190 · 10−6 eV.
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Table 22.
The widths (in units 10−6 eV) of two-particle hadronic b¯-spectator decays (MBc =
6.27 GeV, MBs = 5.39 GeV, MB∗s = 5.45 GeV)
Decay WSB a1 = 1.23 ISGW a1 = 1.23 [83] a1 = 1.12
mode a2 = 0.33 a2 = 0.33 a2 = −0.26
B+c → Bs + π+ a21 31.1 47.8 a21 44.0 67.7 a21 58.4 73.3
B+c → Bs + ρ+ a21 12.5 19.2 a21 20.2 3.1 a21 44.8 56.1
B+c → B∗s + π+ a21 25.6 39.4 a21 34.7 53.4 a21 51.6 64.7
B+c → B∗s + ρ+ a21 115.6 177.8 a21 152.1 234 a21 150 188
B+c → B+ + K¯0 a22 28.2 3.1 a22 61.4 6.7 a22 96.5 4.25
B+c → B+ + K¯∗0 a22 10.0 1.1 a22 24.1 2.6 a22 68.2 3.01
B+c → B∗+ + K¯0 a22 31.0 3.4 a22 28.3 3.1 a22 73.3 3.23
B+c → B∗+ + K¯∗0 a22 147.1 16 a22 163.8 18 a22 141 6.23
B+c → B0 + π+ a21 0.97 1.49 a21 1.89 2.9 a21 3.30 4.14
B+c → B0 + ρ+ a21 0.94 1.45 a21 2.14 3.3 a21 5.97 7.48
B+c → B∗0 + π+ a21 1.58 2.42 a21 1.28 2.0 a21 2.90 3.64
B+c → B∗0 + ρ+ a21 8.82 13.6 a21 8.86 12. a21 11.9 15.0
B+c → B+ + π0 a22 0.48 0.05 a22 0.95 0.1 a22 1.65 0.074
B+c → B+ + ρ0 a22 0.47 0.05 a22 1.07 0.12 a22 2.98 0.132
B+c → B+ + ω a22 0.38 0.04 a22 0.87 0.09 – –
B+c → B∗+ + π0 a22 0.79 0.09 a22 0.64 0.07 a22 1.45 0.064
B+c → B∗+ + ρ0 a22 4.41 0.48 a22 4.43 0.48 a22 5.96 0.263
B+c → B∗+ + ω a22 3.60 0.39 a22 3.53 0.38 – –
B+c → Bs +K+ a21 2.18 3.35 a21 3.28 5. a21 4.2 5.27
B+c → B∗s +K+ a21 1.71 2.6 a21 2.52 3.9 a21 2.96 3.72
Bc → B0 +K+ – – – – a21 0.255 0.32
Bc → B0 +K∗+ – – – – a21 0.180 0.226
Bc → B∗0 +K+ – – – – a21 0.195 0.244
Bc → B∗0 +K∗+ – – – – a21 0.374 0.47
The branching ratio of the Bc decay with the J/ψ particle in the final state equals
BR(Bc → J/ψ +X) ≈ 0.2 .
The WSB and ISGW models give close results for the two-particle Bc meson decays
with the B mesons in the final state. Unfortunately, it is complex to detect the Bc mesons
in such decay modes, since one has to reconstruct the B mesons from the products of their
weak decays. For the Bc meson observation and its mass determination, the B
+
c → J/ψπ+
decay is more preferable [34]. Its branching ratio is equal to
BR(B+c → J/ψπ+) ≈ 2 · 10−3.
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Table 23. The widths (in units 10−6 eV) of two-particle hadronic c-spectator decays
Decay mode ISGW a1 = 1.18 [83] a1 = 1.26
B+c → ηc + π+ a21 1.71 2.63 a21 2.07 3.29
B+c → ηc + ρ+ a21 4.04 6.2 a21 5.48 8.70
B+c → J/ψ + π+ a21 1.79 2.75 a21 1.97 3.14
B+c → J/ψ + ρ+ a21 5.07 7.8 a21 5.95 9.45
B+c → ηc +K+ a21 0.127 0.195 a21 0.161 0.256
B+c → ηc +K∗+ a21 0.203 0.31 a21 0.286 0.453
B+c → J/ψ +K+ a21 0.130 0.2 a21 0.152 0.242
B+c → J/ψ +K∗+ a21 0.263 0.4 a21 0.324 0.514
Bc → ψ(2S) + π+ – – a21 0.251 0.398
Bc → ψ(2S) + ρ+ – – a21 0.71 1.13
Bc → ψ(2S) +K+ – – a21 0.018 0.029
Bc → ψ(2S) +K∗+ – – a21 0.038 0.060
The Bc meson decays, where the CP violation can be observed, B
±
c → (cc¯)D±, Bc →
Dρ(π) and Bc → D0Ds are of a special interest.
The approximate estimates for the decay branching fractions and the asymmetry pa-
rameter of CP violation, are obtained in ref.[80]. The corresponding results are presented
in Table 24. The asymmetry parameter A is defined in the following way
A =
Γ(B−c → X¯)− Γ(B+c → X)
Γ(B−c → X¯) + Γ(B+c → X)
. (191)
A large value of the asymmetry is expected in the Bc → D∗sD0 decays with the D0
meson, decaying into the eigen CP invariance state. However, the branching ratio of such
event is too low
BR(B+c → D∗+s D0) ≈ 10−6.
The D∗+s meson identification is also complicated. As one can see from Table 24, the
best mode for the CP violation observation in the Bc meson decay can be B
±
c → (cc¯)D±.
However, even at the expected statistics of the Bc meson yield at the future colliders
(about 109–1011 events), it is difficult to observe such events, if one takes into account the
branching fractions of the (cc¯) states and D meson decays.
It is difficult to estimate the decay widths, but it is worth to mention about the Bc
meson decay modes such as Bc → 3DX or Bc → Dsφ and Bc → D¯K. The Bc → ψ(3S)D
decay can be of a great interest, when ψ(3S) has the decay into the D meson pair.
However, it is probable, that this decay width, as the width of the decay into three D
mesons, is small because of a smallness of the phase space, yet. The Bc → Dsφ decay
width can be roughly estimated of the order of 2 % [52], but it will be very difficult
to observe the Bc meson in such mode because of the complex reconstruction of the Ds
meson.
51
4. Production of Bc mesons
The electromagnetic and hadronic production of Bc as the particle with the mixed
flavour supposes the joint production of the heavy quarks b¯ and c. This explains the low
value of the Bc production cross section in comparison with the production cross sections
of the particles from the ψ and Υ families. On the other hand, the absence of the Bc
decays channels into light hadrons due to the strong interactions leads to that all bound
(b¯c) states basically transformed into the lowest state with the probability close to unit,
due to the radiative transitions (see Section 2).
From the theoretical point of view, the production of Bc meson, having the small sizes,
takes place with the virtualities of the order of the heavy quark mass sum. This fact makes
sure the perturbation theory to be applicable to the processes of the Bc production. The
nonperturbative part, related with the account for the Bc wave function, is quite reliably
calculated in this case.
4.1. Production of Bc mesons in e
+e−-annihilation
The simplest example of the Bc production in e
+e−-annihilation (in the region of Z
peak) is described by the diagrams on Figure 7.
The matrix element of the (b¯c) quarkonium production is transformed from the cor-
responding matrix element T (pb, pc) for four heavy quark production by the integration
over the relative momentum of the b¯- and c-quarks with the weight of the quarkonium
wave function
Tj =
∫
d3q
(2π)3
Ψ(q)T (pb¯, pc)
ab
αβ(−pˆb¯ +mb)α
′α(−pˆc +mc)β′βΓα
′β′
j
√
2M√
2mb2mc
δab√
3
, (192)
where M is the meson mass and
Γαβ =
1√
2
γαβ5 , Γ
αβ
λ =
1√
2
γαβµ ǫ
µ
λ (193)
Table 24. The branching ratios (BR) and asymmetries (A) for the CP violating Bc decays
X BR(B+c → X) A
ηcD
∗+ 1.0 · 10−4 1.5 · 10−2
ηcD
+ 1.2 · 10−4 −0.3 · 10−2
J/ψD+ 0.5 · 10−4 0.6 · 10−2
D0ρ+ 2.8 · 10−5 1.9 · 10−3
D+ρ0 1.6 · 10−5 3.0 · 10−3
D∗0π+ 3.3 · 10−5 1.3 · 10−3
D∗+π0 1.8 · 10−5 2.0 · 10−3
D0π+ 1.6 · 10−6 −8.9 · 10−3
D+π0 0.4 · 10−6 −13.8 · 10−3
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Fig. 7. The diagrams of the single Bc meson production in e
+e−-annihilation
for the pseudoscalar state and the vector one (Bc, B
∗
c ), respectively. The quark momenta
are determined by the relations
pb¯ =
mb
M
p+ q, , pc =
mc
M
p− q , (194)
p · q = 0 . (195)
For the heavy quarkonium one has |q| ≪ mb, mc and eq.(192) can be simplified by the
substitution for T abαβ(pb¯, pc) by its value at q = 0. Then
∫ d3q
(2π)3
Ψ(q) = Ψ(x) |x=0 (196)
In papers of refs.[41–44] the total cross sections of the Bc and B
∗
c mesons and its distri-
butions over the variable z = 2EBc/
√
s have been obtained. The result of the precise
numerical calculations in the technique of spiral amplitudes with the Monte Carlo inte-
gration over the phase space is presented on Figure 8. One can see that this distribution
is rather hard with the maximum at zmax = M/(M +mc) ≈ 0.8. At this value of zmax
the Bc meson and c¯-quark have zero relative velocity. If one remembers, in the considered
approximation the relative motion of the c- and b¯-quarks inside the Bc meson is absent,
then one clearly finds, that the maximum in the distribution corresponds to the configu-
ration, when all quarks move as a whole with one and the same velocity. In this case the
minimal virtualities of the initial b¯-quark p2 = (mb + 2mc)
2 and the gluon k2 ≈ 4m2c are
realized. At any other z values, these virtualities increase. Note, these speculations are
correct only for the last two diagrams on Figure 7, when one can neglect the contribution
of the first and second diagrams, suppressed up to two orders of magnitude in respect to
the former. In the asymptotic limit s → ∞, when one can neglect terms of the order of
M2/s and the higher powers of this ratio, choosing the special gauge condition (the axial
gauge with the four-vector n = (1, 0, 0,−1) along the direction of the b-quark motion),
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one can show that the contribution of the last diagram on Figure 7 survives only. In this
case the expression for σ−1dσ/dz acquires the sense of the fragmentation function of the
b¯-quark into the Bc meson, if one chooses the b-quark production cross section σ as the
normalization factor at the same energy.
The function of the b¯→ Bc fragmentation, where Bc is the pseudoscalar state, has the
following form
D˙(z)b¯→Bc =
8α2S|Ψ(0)|2
81m3c
rz(1− z)2
(1− (1− r)z)6 (6− 18(1− 2r)z +
(21− 74r + 68r2)z2 − 2(1− r)(6− 19r + 18r2)z3
+3(1− r)2(1− 2r + 2r2)z4) , (197)
and for the fragmentation into the vector state one has
D(z)b¯→B∗c =
8α2s|Ψ(0)|2
27m3c
rz(1− z)2
(1− (1− r)z)6 (2− 2(3− 2r)z +
3(3− 2r + 4r2)z2 − 2(1− r)(4− r + 2r2)z3 +
(1− r)2(3− 2r + 2r2)z4) , (198)
where r = mc/(mb + mc). As one can see from Figure 8, Db¯→Bc(z) and Db¯→B∗c (z) are
in a good agreement with the results of precise calculations. The b¯ → B∗c process has
slightly more hard distribution in comparison with the b¯ → Bc one. At αS = 0.22,
|Ψ(0)|2 = f 2BcMBc/12, fBc = 560 MeV and mc = 1.5 GeV, the corresponding integral
probabilities are equal to 3.8 ·10−4 for b¯→ Bc and 5.4 ·10−4 for b¯→ B∗c . The probabilities
of the c-quark fragmentation into Bc are suppressed by two orders of magnitude in respect
to the values, given above. As the fraction of the bb¯ production, the total number of
the produced Bc(B¯c) mesons with the account of the B
∗
c (B¯
∗
c ) states and the first radial
excitations is equal to (at αS = 0.22)
RBc =
σ(e+e− → B+c + x) + σ(e+e− → B−c + x)
σ(e+e− → bb¯) = 2 · 10
−3 (199)
Due to the quark-hadron duality, there is the independent way of estimation for this
ratio. To reach this goal, one has to compare the obtained cross section of the bound b¯c
state production with the cross section for the production of the colour-singlet (b¯c) pair
in the process e+e− → bb¯cc¯ with the low values of invariant mass Mb¯c
M2th∫
m20
dσ(e+e− → bb¯cc¯)
b¯c−singl
dM2
b¯c
dM2b¯c , (200)
where m0 = mb+mc ≤Mb¯c ≤MB+MD+∆M =Mth and ∆M ≈ 0.5÷1 GeV. Supposing
m0 = 6.1 GeV and Mth=8 GeV as the threshold value, one gets the b¯c system production
cross section of the order of 7 pb. On the other hand, the sum of the cross sections for
the production of Bc and its first excitations equals 9.3 pb, as is seen from Table 25.
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Table 25.
The cross sections (in pb) for the production of the S-wave states of Bc mesons in
the Z boson peak
State 11S0 1
1S1 2
1S0 2
1S1
σ(αS = 0.22) 3.14 4.37 0.805 1.078
The comparison of these two independent estimates states, on the one hand, about
a good agreement. On the other hand, it means that the contribution of the higher
excitations is not large, and the total cross section is saturated by the S-wave levels.
Recent direct calculations of the cross sections for the P level production [91] confirm
this conclusion. According to the estimates of this paper, the sum over the cross sections
for the P -wave levels production is less than 10 % from the sum of the S-wave level
contributions.
In ref.[48] the functions of the heavy quark fragmentation into the heavy polarized
vector quarkonium have been studied, so, for the longitudinally polarized quarkonium,
one has found the expression
D(z)Lb¯→B∗c =
8α2s|Ψ(0)|2
81m3c
rz(1− z)2
(1− (1− r)z)6 (2− 2(3− 2r)z +
(9− 10r + 16r2)z2 − 2(1− r)(4− 5r + 6r2)z3 +
(1− r)2(3− 6r + 6r2)z4) , (201)
that does not depend on the polarization of the fragmentating quark. At r = 1/2,
expression (201) coincides with the result, obtained for the heavy quarkonium with the
hidden flavour (Υ, ψ) [48].
Fig. 8. The functions of the b¯-quark fragmentation into the Bc and B
∗
c mesons
55
Fragmentation function (201) agrees with the consideration of the heavy quark frag-
mentation into the heavy meson (Qq¯), where in the limit of infinitely heavy quark, EHQT
leads to the equal probability production of the vector quarkonium with the arbitrary
orientation of its spin, i.e. to the absence of the spin alinement and to the ratio of the
vector and pseudoscalar state yields, equal to V/P = 3 [94].
For the heavy quarkonium, the relative yield of the vector and pseudoscalar mesons
is close to unit, and the spin alinement of the vector state has a notable value. For the
B∗c meson, this can be observed in the angle distribution of the B
∗
c → Bcγ decay, which
composes the total B∗c width. This distribution has the form
dΓ
d cos θ
∼ 1−
(
3ξ − 2
2− ξ
)
cos2 θ , (202)
where θ is the angle between the photon and the B∗c polarization axis in the system of
B∗c rest, and the asymmetry parameter ξ determines the relative yield of the transversally
polarized B∗c state
ξ =
T
L+ T
. (203)
For the integral asymmetry at the small mass of the generated quark, entering the meson,
r ≪ 1, one has
ξ =
2
3
+
5
16
r +O(r2) . (204)
The anisotropy in the B∗c → Bcγ decay is numerically equal to 6 %.
In ref.[48] the vector quarkonium spin alinement has been studied versus the transverse
momentum in respect to the fragmentation axis. One has derived quite bulky analytical
expressions for the fragmentation functions DL,T
b¯→B∗c (pt), that linearly tend to zero at pt → 0
and decrease as 1/p3t at pt →∞. It is interesting, that the average transverse momentum
at the fragmentation into the longitudinally polarized vector Bc quarkonium is twice
greater than the average transverse momentum at the fragmentation into the transversally
polarized B∗c meson, 〈pt〉 ≈ 7 GeV.
The event with the Bc meson has the characteristic signature. The hadron jet from the
b-quark must be produced in the direction, opposite to the Bc motion. The Bc meson must
be accompanied by the D¯ meson with the average ratio of the momenta 〈zD〉/〈zBc〉 ≈ 0.3
and the average angle between the momenta about 20o [44].
The single Bc meson production in e
+e−-annihilation has been also considered in
refs.[41,52].
In ref.[39] the exclusive production of the B(∗)+c B
(∗)−
c pairs in e
+e−-annihilation has
been calculated at low energies, where one can neglect the Z boson contribution. The
total cross sections of the vector and pseudoscalar states have the form
σ(e+e− → (Q1Q¯2)P (Q¯1Q2)P ) = π
3α2S(4m
2
2)α
2
em
37 4m62
m21
M2
f 4P (1− v2)3v3 ×(
3e1
(
2m2
m1
− 1 + v2
)
− 3e2
(
2− (1− v2)m2
m1
)
m32αS(4m
2
1)
m31αS(4m
2
2)
)2
, (205)
σ(e+e− → (Q1Q¯2)P (Q¯1Q2)V ) = π
3α2S(4m
2
2)α
2
em
37 2m62
f 2Pf
2
V (1− v2)4v3 ×
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(
3e1 − 3e2m
3
2αS(4m
2
1)
m31αS(4m
2
2)
)2
, (206)
σ(e+e− → (Q1Q¯2)V (Q¯1Q2)V ) = π
3α2S(4m
2
2)α
2
em
37 2m62
f 4V (1− v2)3v3 ×(
3e1 − 3e2m
3
2αS(4m
2
1)
m31αS(4m
2
2)
)2
[3(1− v2) + (1 + v2)(1− a)2 +
a2
2
(1− v2)(1− 3v2)] , (207)
where v =
√
1− 4M2/s, M = m1 +m2,
a =
m1
M
(
1− e2
e1
m42
m41
αS(4m
2
1)
αS(4m22)
)/(
1− e2
e1
m32
m31
αS(4m
2
1)
αS(4m22)
)
. (208)
The relative yield of the Bc meson pairs R = σ(B
+
c B
−
c )/σ(bb¯) reaches its maximum at the
energy
√
s = 14 GeV, where it is equal to R ≈ 10−4. This ratio rapidly decreases with
the energy growth, where the single Bc production becomes to dominate.
As one can see, the study of the Bc meson production in e
+e−-annihilation allows one
to make the analytical researches of the heavy quark dynamics.
Thus, in the Z0 boson pole, where the b-quark production cross section is large, one
has to expect of the order of 2 events with the Bc production per each thousand bb¯ pairs.
As it is planned, in the experiments at the LEP accelerator, the number about 2 · 107 Z0
bosons will be detected. This means, that the total number of Bc(B¯c) events has to be
of the order of 104. Certainly, the real number of reconstructed events will be less, if one
takes into account the particular modes of the decay.
4.2. Hadronic production of Bc mesons
As has been mentioned, the process of the Bc meson production in e
+e−-annihilation
at large energies can be reformulated as the process of the b¯ → Bc(B∗c ) fragmentation,
appearing with the probability about 10−3.
The hadronic Bc production turns out to be more complex. First, at hadronic produc-
tion the region of low partonic energies dominates, so that the asymptotic regime with
the cross section factorization
dσ
dz
∼ σbb¯ Db¯→Bc(z) (209)
is not yet realized. Second, in the hadron interactions a new type of diagrams appears, so
we will further label the latter as the recombinational diagrams, for which the factorization
does not take place.
The contribution of such diagrams, dominating at low masses of the B−c b¯c system,
decreases with the growth of this mass, however, it remains essential even at large masses
and large transverse momenta. The contribution of such type diagrams into the B(∗)c
production has been first calculated for the exclusive B(∗)c pair production in the quark-
antiquark annihilation at low energies [38].
The typical set of the QCD diagrams in the fourth order over αS is shown on Figure 9.
Here, as in the case of the Bc production in e
+e−-annihilation, the matrix element of the
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Fig. 9.
The diagrams of the single Bc meson production in the gluon and quark subprocesses
(b¯c) quarkonium production is obtained from the corresponding matrix element of four
quarks production by the integration over the relative momentum of the c- and b¯-quarks
with the weight, determined by the quarkonium wave function.
At high energies, where the Bc production cross sections are accessible for the meson
observation, the gluon-gluon contribution into the production dominates.
The energetic spectra of the Bc and B
∗
c mesons in the system of mass centre for two
colliding gluons are shown on Figure 10 at the different values of the total energy
√
s =20,
40 and 100 GeV.
The σ(gg → Bc(B∗c )c¯b) values are presented on Figure 11 at the several energies of the
interacting gluons for mb = 5.1 GeV, mc = 1.5 GeV and αS = 0.2. The ratio of the cross
sections σB∗c /σBc is about 3 at the energies 20, 40 and 100 GeV and it is about 2 at the
energy 1 TeV, when in e+e−-annihilation, where the b¯ → Bc fragmentation dominates,
this ratio is σB∗c /σBc ≈ 1.3.
The variation of the σB∗c /σBc ratio is the consequence of the change in the production
mechanism. The fragmentatonal component gives the low contribution in comparison
with the contribution of the recombination diagrams. This can be noted from Figure
10, where the differential cross sections for the Bc and B
∗
c meson production, calculated
by the Monte Carlo integration of the exact expression for the matrix element squared,
are presented in comparison with the cross section, calculated under the fragmentation
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Fig. 10.
The differential dσ/dz cross sections for the single production of the Bc mesons (a)
and B∗c mesons (b) in the gluon annihilation at different values of the total energy
formulae (197), (198).
The total cross section of the Bc(B
∗
c ) mesons is obtained from the partonic one σij(sˆ)
Fig. 11.
The total cross sections for the single production of Bc mesons (empty triangles)
and B∗c mesons (solid triangles) in the gluon annihilation in comparison with the
production cross section (multiplied by the factor 2 · 10−3) of the b¯b quark pairs (solid
line)
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by the convolution with the functions of the parton distributions in the initial hadrons
σtot(s) =
s∫
4(mb+mc)2
dsˆ
s
1−sˆ/s∫
−1+sˆ/s
dx
x∗
∑
ij
f ia(x1)f
j
b (x2)σˆij(sˆ) , x
∗ =
(
x2 +
4sˆ
s
)1/2
. (210)
The cross sections, calculated with the account of the known parameterizations for f i,ja,b(x)
[92], are presented in Table 26.
The energy 40 GeV is close to the c.m.s. energy for the carrying out the fixed target
experiments at the HERA accelerator. At
√
s = 1.8 TeV we present the cross section
of the Bc production in pp¯-collisions at Tevatron, and, finally, the energy
√
s = 16 TeV
corresponds to the conditions of the pp-experiment at the future LHC collider. The
energetic dependence of the cross section, summed over the particle and antiparticle B¯c
production, is shown on Figure 12.
From the values, presented in Table 26, it follows that at
√
s = 40 GeV, the summed
cross section σsum for the meson production is about 10
−4 of the total cross section of
the bb¯ production, so this makes the Bc study practically to be impossible in this experi-
ment. One has to note, that in this case we can not restrict ourselves by the gg → Bcc¯b
contribution and we have taken into account the contribution of the qq¯ → Bcc¯b process.
The experiments at Tevatron and LHC, where σsum/σbb¯ is about 10
−2, will give the
real possibility for the observation of hadronic Bc production. Therefore, at the energies
of these two facilities, we present the most interesting distributions of the cross sections
for the 11S0 and 1
3S1 states production (note, that as our calculations show, the cross
section at the energies under consideration is completely determined by the gluon-gluon
interaction, since the quark-quark contribution is suppressed by two orders of magnitude,
10−2).
The distributions for the 11S0 pseudoscalar and 1
3S1 vector mesons are shown on
Figures 13 and 14 at the energy of the interacting hadrons 1.8 TeV.
The distributions dσ/dx (see Figure 14b) show, that we deal with the central Bc
production, where the complete cross section is collected in the interval from −0.3 to 0.3.
The average transverse momentum of Bc is about 6 GeV, and from the distribution over
the angle between the directions of the Bc and c¯-quark motions, one can conclude that
c¯-quark generally moves in the direction close to the Bc one [46].
One has to note, that the considered diagrams of the QCD perturbation theory are
the diagrams of the fourth order over αS. This results in the strong dependence of the
Table 26.
The cross sections (in nb) of hadronic production of the Bc(B
∗
c ) mesons (the standard
deviation in the last digit is shown in the brackets)
n2S+1Lj 1
1S0 1
3S1 2
1S0 2
3S1
σtot(40 GeV) · 105 1.63(2) 9.5(2) 0.13(1) 0.75(2)
σtot(100 GeV) · 103 7.8(2) 36(1) 1.1(2) 5.2(2)
σtot(1.8 TeV) 13.3(8) 53(3) 2.7(2) 10.4(5)
σtot(16 TeV) · 10−2 1.96(8) 7.6(2) 0.43(2) 1.66(8)
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Fig. 12.
The total cross sections (in nb) for the single production of Bc mesons (empty circles)
in pp¯-interactions at different energies and the cross sections (in mkb) for the beauty
particle production (solid circles)
cross section on the particular αS choice. The latter must be determined by the typical
virtuality in the production process. The analysis shows, that this virtuality is large
in the contributions, decreasing faster that 1/sˆ, only. In the remaining contributions,
including the fragmentational one, it is not large and about 4mcmb. Under this reason
the αS = 0.2 value, chosen as the strong coupling constant, is the most reasonable at this
scale. The use of the running coupling constant αS(sˆ), for example, leads to the decrease
of the Bc(B
∗
c ) production cross section by about 7 times. The pessimistic estimates of the
Bc(B
∗
c ) production are presented in ref.[93], where, as one can see, the αS(sˆ) value has
been used.
At low energies of hadron collisions, the quark-antiquark annihilation with the Bc pro-
duction dominates in respect to the gluonic one, since, in this case, the latter has a much
lower luminosity, that decreases also with the growth of the total energy of the partonic
subprocess. At the low energies of the quark-antiquark annihilation, the exclusive B+c B
−
c
pair production can be essential. The total cross sections of the vector and pseudoscalar
Bc meson production due to the quark-antiquark annihilation have the form
σ(1−, 1−) =
α4Sπ
3
8 · 38
f 4V
µ6
λ3
√
1− λ (1.3 + 1.4λ+ 0.3λ2) , (211)
σ(1−, 0−) =
α4Sπ
3
16 · 38
f 2V f
2
P
µ6
(mb −mc)2
M2
λ3
√
1− λ (1 + 2λ) , (212)
σ(0−, 0−) =
α4Sπ
3
16 · 38
f 4P
µ6
λ3
√
1− λ (1− λ)2 , (213)
wherefrom one can see, that the vector state production dominates. In eqs.(211)–(213)
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Fig. 13.
The differential dσ/dpt cross sections for the single production of Bc and B
∗
c mesons
in pp¯ interactions at the energy 1.8 TeV
we have introduced the notations
λ = 4M2/s ,
µ =
mbmc
mb +mc
.
Fig. 14.
The differential cross sections for the single production of Bc and B
∗
c mesons in pp¯-
interactions at the energy 1.8 TeV; (a) dσ/dy, where y is the particle rapidity, (b)
dσ/dx, where x = 2E/s1/2
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Table 27.
The total cross sections (in units 10−2 pb) for the pair production of Bc mesons due
to the quark-antiquark annihilation in pp¯(pp) interactions at low energies
√
s, GeV σ(1−, 1−) σ(1−, 0−) σ(0−, 0−)
30 0.9 (0.08) 0.24 (0.022) 0.006 (0.0004)
40 5.8 (0.94) 1.6 (0.25) 0.054 (0.007)
50 15.8 (3.5) 4.3 (0.95) 0.18 (0.034)
The numerical estimates of the total cross sections for the Bc production in pp¯ inter-
actions are presented in Table 27.
Summing up the consideration of the hadronic production, one can draw the conclu-
sions.
1. The mechanism of the hadronic Bc(B
∗
c ) production strongly differs from the pro-
duction in e+e−-annihilation.
2. The relative fraction of the fragmentation contribution is low even in the region of
large transverse momenta.
3. The vector state production is enforced in respect to e+e−-annihilation.
Thus, the hadronic Bc production requires the analysis for the large number of dia-
grams and its detailed study opens the possibility for the investigation of effects of the
heavy quark dynamics in the higher orders of the QCD perturbation theory. As for the
Bc yield at the real physical facilities, it is quite high, but the registration of the Bc events
is essentially determined by the detector acceptance (cuts of the transverse momenta of
particles, characteristics of the vertex detector an so on).
4.3. Bc meson production in νN-, ep- and γγ- collisions
In the previous sections we have considered the Bc meson production in the processes,
where one has the maximal current statistics for the production of hadrons with heavy
quarks, i.e. at Fermilab and LEP colliders. In the present section we consider the estimates
for the Bc meson production in the processes of the deep inelastic scattering of neutrino
and electrons by nucleons and in γγ-interactions at future facilities.
4.3.1. Bc production in νN-interactions
The diagrams of the neutrino-production of the Bc mesons on quarks and gluons are
show on Figure 15.
Note, that for the Bc production in the neutrino collisions with gluons, the suppression
of the partonic subprocess cross section by the factor |Vbc|2 in comparison with the partonic
subprocess of the Bc neutrino-production on light quarks, is compensated by the more
high luminosity of the gluonic subprocess in comparison with the quark one, so that
the both mechanisms of the Bc production in the neutrino-nucleon scattering give the
comparable contributions, and σ(νN → BcX) ≈ 10−43 cm2 at the neutrino energy Eν ≈
500–1000 GeV in the laboratory system.
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Fig. 15.
The diagrams of the Bc meson production in the processes of the neutrino scattering
on gluons (a) and quarks (b)
After the integration over the valent parton d distribution, the c-quark production in
the W ∗+d→ c process, suppressed as sin2 θc, has the value, comparable with the c-quark
production in the W ∗+s → c process, since the strange quark ”sea” is suppressed in
respect to both the valent quark distribution and the ”sea” of the more light d-quark.
The estimates of the Bc meson production cross sections, calculated on the basis of
the diagrams on Figure 15, agree with the estimates, obtained in the model of the vector
meson dominance (Figure 16) and in the model of the soft gluon emission of the (b¯c)
pair, that in the colour-singlet state and with the low invariant mass M(b¯c) < MB +MD,
transforms, in accordance with the quark-hadron duality, into the (b¯c) bound state, which
radiatively decays into the basic 1S0 state in a cascade way with the probability, equal to
1.
As a result, one can reliably state that the total cross section for the Bc meson pro-
duction in νN -collisions is of the order of 10−6 from the total cross section of the νN -
scattering, so that, at a characteristic statistics about 106 events in neutrino experiments,
one can expect only several events with the Bc meson production.
4.3.2. Production of Bc mesons in ep-scattering
In contrast to νN -scattering, in ep-collisions in addition to the processes of the weak
charged current exchange, the main contribution into the Bc meson production will give
the processes with the virtual γ-quanta exchange (Figure 17).
The exact calculation of the diagrams on Figure 17 is not yet performed at present.
However, one can think that the estimate, made in the Monte Carlo simulation system for
hadron production HERWIG [49], is quite reliable, since the HERWIG parameters have
Fig. 16. The diagrams of the B∗c meson production in the model of vector meson dominance
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been chosen to get correct values for total hadronic cross sections of the charmed and
beauty particles production, being in an agreement with the experimental values. More-
over, the HERWIG estimates of the Bc production cross sections in e
+e− and hadronic
interactions agree with the values, obtained in the exact calculation of the diagrams in
the QCD perturbation theory.
Thus, in accordance with the estimates in the HERWIG system, one can expect about
103 events per year with the Bc production at the HERA facilities. This Bc yield is
comparably close to that of at LEP. However, the extraction of Bc events at HERA is
complicated by the presence of a hadronic background, that is essentially lower at LEP.
4.3.3. Photonic production of Bc mesons
At present, the future γγ-colliders with the high luminosity (∼ 1034 cm−2s−1) are
intensively discussed. In this section we calculate the cross section of single Bc production
at energies
√
s about 30 GeV in accordance with the diagrams, shown on Figure 18. The
calculation technique coincides with that of described in the section on the hadronic
production of Bc.
The total cross sections of the Bc and B
∗
c production are presented in Table 28, where
one takes αS ≈ 0.2. One can see that near threshold the pseudoscalar state production is
suppressed in comparison with the production of the vector one, so at
√
s = 15 GeV one
has σB∗c /σBc ∼ 55. Such behavior of the σB∗c /σBc ratio has been noted in [6], where the
strong suppression of the pseudoscalar meson pair production in respect to the vector one
takes place in the quark-antiquark annihilation. At large energies of the initial photons
this ratio decreases and becomes σB∗c /σBc ∼ 4. The inclusive cross sections σBc and σB∗c
have the maximum at
√
s = 20 − 30 GeV and with the s growth they fall like the total
cross section for the heavy quarks σbb¯ production.
The distributions σ−1dσ/dz over the variable z = 2|p|/√s, with p being the meson
momentum, are shown on Figures 19 and 20 for the Bc and B
∗
c mesons. As follows from
these figures the scaling in these distributions is broken: with the energy growth the shift
onto the low z values takes place. Note, the analogous picture has been observed in the
gluonic production of Bc mesons.
Note, that the detailed consideration shows, that in the matrix element of the
γγ → bb¯cc¯ process and hence in the γγ → Bcb¯c matrix element one can distinguish
three groups of contributions, which are separately gauge invariant under both the gluon
field transformation and the photon one. The first group of contributions is composed
of the diagrams when the quark production is independent (we will label these diagrams
Fig. 17. The diagrams of the Bc meson production in parton process of γ
∗g-scattering
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Fig. 18. The types of diagrams in the photonic production of Bc mesons
as the recombination diagrams), the second group consist of the diagrams, where the
(cc¯) pair is produced from the b-quark line (we will mark these diagrams as the b-quark
fragmentation diagrams, their contribution will be denoted as σb−frag), the third group
contains the diagrams with the (bb¯) pair production from the c-quark line, so that they
are c-fragmentation diagrams with the corresponding contributions denoted as σc−frag.
In refs.[43,91,93] the assumption was offered that the b-fragmentation contribution has
to dominate at large values of the Bc transverse momentum, independently of the type of
the process. So the approximate equation has to be valid:
dσq−fragBc
dPt
=
1∫
2Pt/
√
s
dσqq¯
dkt
(
Pt
z
) · Dq→Bc(z)
z
dz, (214)
where dσqq¯/dkt is the differential cross section for the production of the fragmenting q-
quark in the Born approximation, kt is its transversal momentum, and Dq→Bc(z) is the
function of the q → Bc +X fragmentation.
Remind that in the e+e−-annihilation the b-quark fragmentation dominates and the
c-quark fragmentation contribution is suppressed by two orders of magnitude. In the γγ-
interactions, the c-quark fragmentation contribution is enlarged due to the quark charge
ratio (Qc/Qb)
4 = 16 and, therefore we can not neglect it (as one does in e+e−-annihilation).
Note further, that the c-quark fragmentation contribution and the b-quark fragmentation
one are related to each other by the simple permutation of the quark masses and charges
(mc ↔ mb and Qc ↔ Qb) (214).
The distributions dσ/dpt, dσ
c−frag/dpt and dσb−frag/dpt at 100 GeV for the Bc and
B∗c meson production are shown on Figures 21 and 22. The distributions, predicted in
accordance with eq.(214) for the b-fragmentation (curve 1) and c-fragmentation (curve
2) are also shown. One can see that, as in the hadronic production, the contribution of
the recombinational type diagram is essential at any reasonable values of the transverse
momentum of Bc meson and it can not be neglected, when one calculates the cross sections
Table 28. The cross section (in pb) of the photonic production of Bc (B
∗
c )
√
s,GeV 15 20 40 100
σBc 5.1 · 10−3 3.8 · 10−2 6.7 · 10−2 2.5 · 10−2
σB∗c 2.8 · 10−1 6.0 · 10−1 4.0 · 10−1 1.1 · 10−1
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Fig. 19.
The cross section distributions, normalized to the unit, over z for the Bc meson pro-
duction at different energies
even at the large transverse momenta. One can see from the figure, that for the b-
fragmentation contribution over the pt, greater than about 30 GeV, the fragmentational
mechanism gives correct predictions. Thus, in its maximum at the energy 20-30 GeV
the total cross section, including the B∗c and corresponding antiparticle production, is
about 1 pb. This corresponds to 105 Bc, produced at the γγ-collider with luminosity of
Fig. 20.
The cross section distributions, normalized to the unit, over z for the B∗c meson
production at different energies
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Fig. 21.
The dσ/dpt, dσ
c−frag/dpt and dσb−frag/dpt distributions over the transverse momen-
tum for the invariant contributions into the cross section of the Bc meson production
at 100 GeV. The curvers 1 and 2 correspond to the prediction of the fragmentational
mechanism (217) for the b-quark (1) and c-quark (2)
Fig. 22.
The dσ/dpt, dσ
c−frag/dpt and dσb−frag/dpt distributions over the transverse momen-
tum for the invariant contributions into the cross section of the B∗c meson production
at 100 GeV. The curvers 1 and 2 correspond to the prediction of the fragmentational
mechanism (217) for the b-quark (1) and c-quark (2)
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1034cm−2s−1. At large energies, the cross section falls like the bb¯ pair production one.
The Bc production mechanism is close to that of in the gluon-gluon interactions, and it
does not come to the simple b-quark fragmentation.
5. Conclusion
The discovery and study of the family of (b¯c) heavy quarkonium with the open charm
and beauty will allow one significantly to specify the notion of the dynamics of the heavy
quark interactions and the parameters of the Standard Model of elementary particles
(such values as the b- and c-quark masses, the coupling of the b- and c-quarks – |Vbc|
etc.). The present review tends to the aim of a creation of a theoretical basis for the
object-directed experimental search and study of the (b¯c) heavy quarkonium family.
Summing the considered problems, one can note the following.
We have shown that below the threshold of the (b¯c) system decay into the BD meson
pair, there are 16 narrow states of the Bc meson family, whose masses can be reliably
calculated in the framework of the nonrelativistic potential models of the heavy quarko-
nia. The flavour independence of the QCD-motivated potentials in the region of average
distances between the quarks in the (b¯b), (c¯c) and (b¯c) systems and their scaling prop-
erties allow one to find the regularity of the spectra for the levels, nonsplitted by the
spin-dependent forces: in the leading approximation the state density of the system does
not depend on the heavy quark flavours, i.e. the distances between the nL-levels of the
heavy quarkonium do not depend on the heavy quark flavours.
We have described the spin-dependent splittings of the (b¯c) system levels, i.e. the
splittings, appearing in the second order over the inverse heavy quark masses, VSD ≈
O(1/mbmc), with account of the variation of the effective Coulomb coupling constant of
the quarks (the interaction is due to relativistic corrections, coming from the one gluon
exchange).
The approaches, developed to describe emission by the heavy quarks, have been applied
to the description of the radiative transitions in the (b¯c) family, whose states have no
electromagnetic or gluonic channels of annihilation. The last fact means that, due to
the cascade processes with the emission of photons and pion pairs, the higher excitations
decay into the lightest pseudoscalar Bc meson, decaying in the weak way. Therefore,
the excited states of the (b¯c) system have the widths, essentially less (by two orders of
magnitude) than those in the charmonium and bottomonium systems.
As for the value of the leptonic decay constant fBc , it can be the most reliably estimated
from the scaling relation for the leptonic constants of the heavy quarkonia, due to the
relation, obtained in the framework of the QCD sum rules in the specific scheme. In the
other schemes of the QCD sum rules, it is necessary to do an interpolation of the scheme
parameters (the hadronic continuum threshold and the number of the spectral density
moment or the Borel parameter) into the region of the (b¯c) system, so this procedure
leads to the essential uncertainties. The fBc estimate from the scaling relation agrees with
the results of the potential models, whose accuracy for the leptonic constants is notably
lower. The value of fBc essentially determines the decay widths and the production cross
sections of the Bc mesons.
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The theoretical consideration of semileptonic Bc decays shows, that the results of the
potential quark models agree with the predictions of the QCD sum rules, if one accounts
for the Coulomb-like αS/v-corrections. In this case, the approximate spin symmetry
in the sector of heavy quarks allows one to derive the relations for the form factors of
semileptonic Bc decays in the rest point of the recoil meson.
The Bc meson production allows in some cases the description on the level of analytical
expressions, such as the universal functions of the heavy quark fragmentation into the
heavy quarkonium. The fragmentational mechanism dominates in the Bc production in
the e+e−-annihilation at high energies (in the peak of Z boson) and it can be studied at
the LEP facilities.
The hadronic production of Bc is basically determined by the processes of the b¯- and
c-quark recombination, since the partonic subprocesses have the most large luminosity in
the region of low invariant masses of the produced system (bb¯cc¯). The Bc meson yield in
respect to the production of the beauty hadrons is of the order2 of 10−3.
Modes of Bc → ψX decays with the characteristic signature of the J/ψ particle have
the quite large probability
BR(B+c → ψX) ≈ 0.2 .
Therefore, the Bc particle search can start from the separation of the events, containing
the J/ψ particle, whose production vertex is beyond the primary intersection point. The
selected set of the events will, of course, contain the background from decays of ordinary
heavy-light B mesons (b¯u, b¯d, b¯s), since the probability of the B → J/ψKX decay is
about 1 %, and the heavy-light B meson yield is three orders of magnitude greater than the
Bc one. The background separation requires the down-cut over the effective mass of the
J/ψX system, where X denotes the charged particles, having tracks from the J/ψ vertex.
The most preferable channel for the Bc extraction is that of the B
+
c → ψl+νl decay, since
Bc is the only heavy particle with the three lepton vertex of the decay ψl
+ → l′+l′−l+.
The probability of this channel is equal to
BR(B+c → ψl+νl) ≈ 8 % , l = e, µ, τ .
At a quite large statistics3, the events with the decay B+c → ψl+ν can give the possibility
for the determination of the Bc mass value under the ψl mass spectrum or the missed
transverse momentum of neutrino in respect to the direction of the Bc motion (see Figure
23). The necessary condition for the such measurement is a quite high separation of
charged hadrons and leptons.
The straightforward measurement of the Bc mass can be made in the mode of the
B+c → J/ψπ+ decay, having the branching ratio, equal to
BR(B+c → ψπ+) ≈ 0.2 % .
2In the present review we do not consider in details the Bc production in the neutrino-nucleon inter-
actions, where one can expect only several events with the Bc production per year, since the coupling
constant of the b- and c-quarks is low [52], so that these processes have no practical significance for the
experimental search of Bc.
3The CDF facility with the vertex detector at the Tevatron FNAL has, in this sense, a preferable
position.
70
Fig. 23.
The distribution over the invariant masses of the ψl (a) and ψlνmis (b) systems in
the B+c → ψl+νl decay, where νmis is the neutrino with the momentum, equal to the
missed transverse momentum in respect to the direction of the Bc meson motion
The mode of the B±c → J/ψπ±π±π∓ decay, where three π mesons can compose the a1
meson, also is of the interest. This mode must have a significantly greater probability,
than the Bc → J/ψπ decay.
Since the Bc production at the colliding e
+e− beams takes, as mentioned, the frag-
mentational character, in general (see Figure 7), it must be accompanied by the D meson
presence in the same jet, where the Bc candidate is being observed. Such signature of the
event would turn out to give a large advantage for the Bc meson search at e
+e− colliders
in respect to the search at hadron colliders, where the recombinational mechanism dom-
inates in the Bc meson production at the accessible energies in the nearest future (see
Figure 9). However, one must take into account the possibility of that the probability of
the b-quark fragmentation production of the free cc¯-quark pair is one order of magnitude
greater than the probability of the fragmentation into the Bc meson and the single free
c-quark. This means, that with account for the branching ratios for the B and Bc decays
into J/ψX , the events with the Bc decay and the single D meson will appear only two
times more often, than the decay of the heavy-light B meson into J/ψX with the instan-
taneous production of two D mesons in the same jet. It is not clear, whether one can
quite effectively separate these two processes at the present of the vertex detectors, i.e.
whether one can not lose the vertex of the second D meson.
It is evident, that the progress in the experimental study of the Bc meson and general
physics of the heavy quarks will be mainly related with the development of the vertex
detectors, so that the latter would give the possibility of a reliable observation of several
heavy quarks instantaneously (to search the cascade decays, for example). However, since
at the present statistics of LEP and Fermilab, several dozens of the Bc meson production
events must be observed, one can think, that the practical registration of Bc will be
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realized in the nearest future.
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6. Appendices
I. Covariant quark model
Consider the general statements of the covariant description of the composed quarko-
nium model.
By definition, the energy fraction, carrying out by the quark i in the (QQ¯′) meson, is
its constituent mass mi, so that
M = m+m′ , (I.1)
where M is the meson mass, m and m′ are the fixed values. For the four-momenta, one
has
k =
m
M
P + q ,
k′ =
m′
M
P − q , (I.2)
where P is the meson momentum, q is the relative momentum of quarks inside the meson.
For the quark propagator, one has
S(k) = (kµγ
µ +m) D(k) . (I.3)
The constituent quark has, in fact, the fixed energy, so that in the D(k) function, only
the imaginary part gives the contribution. In the meson rest frame, one has
ℑm D(k) = π
m
δ(|k0| −m) . (I.4)
Eq.(I.4) with account for eq.(I.2) can be rewritten in the covariant form
ℑm D(k) = πM
m
δ(Pq) . (I.5)
The quark-meson vertex can be represented as
Lqq¯M = v¯(k)Γv
′(k′) D−1(k) D−1(k′) χ(P ; q) , (I.6)
where v and v′ are the quark spinors, the D(k) function is defined in eq.(I.3), Γ is the
spinor matrix, determining the quantum numbers of meson.
The nonrelativistic description of the meson means, that the form factor is determined
by the expression
χ(P ; q) = 2π δ(Pq) φ(q2) . (I.7)
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In the following, we suppose
φ(q2) = N exp
(
q2
ω2
)
. (I.8)
The choice (I.8) reflects the typical form of the S-wave functions of the charmonium
and bottomonium, and it allows one to perform the analytical calculation of the semilep-
tonic decay widths for Bc meson.
Let us define the decay constants f for the pseudoscalar and vector mesons
〈0|J5µ(x)|P (q)〉 = ifP qµ exp{iqx} , (I.9)
〈0|Jµ(x)|V (q, λ)〉 = ifV MV ǫ(λ)µ exp{iqx} , (I.10)
where λ is the vector meson polarization, and the quark currents are
J5µ(x) = Q¯(x)γ5γµQ
′(x) , (I.11)
Jµ(x) = Q¯(x)γµQ
′(x) , (I.12)
In the nonrelativistic potential model, one has
fP ≈ fV = f , (I.13)
so that
f = 2
√
3
M
Ψ(0) , (I.14)
where Ψ(0) is the quarkonium wave function at origin. The oscillator function, resulting
in eq.(I.8), has the form
Ψ(r) =
(
ω2
2π
)3/4
exp
(
−r
2ω2
4
)
. (I.15)
Condition (I.14) means that the normalization constant N in eq.(I.8) equals
N =
M
m m′
√
6
f
. (I.16)
Thus, for the quark-meson form factor, one finds
χ(P ; q) = 2π δ(Pq)
M
m m′
√
6
f
exp
(
q2
ω2
)
, (I.17)
where ω is determined by eqs.(I.14) and (I.15), so that the only free parameter of the
model is the constant f . For the ψ particle, fψ can be, for example, related with the
width of the ψ → e+e− decay
Γ(ψ → e+e−) = 4π
3
α2em e
2
c
f 2ψ
Mψ
, (I.18)
where ec = 2/3 is the -quark electric charge. From eq.(I.18), the experimental value of
the leptonic width [15] gives
fψ = 410± 15 MeV . (I.19)
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As for the fBc and fBs values, these constants are determined theoretically in the
framework of the QCD sum rules and in the potential models.
Note, that the stated model of composed quarkonium gives, for instance, the exact
formula of the nonrelativistic M1-transition for the electromagnetic decay of the vector
state into the pseudoscalar one V → Pγ
Γ(V → Pγ) = 16
3
µ2 ω3γ , (I.20)
where ωγ is the γ-quantum energy, and the magnetic moment µ equals
µ =
1
2
√
αem
(
e
2m
+
e′
2m′
)
, (I.21)
where e and e′ are the quark electric charges in the units of the electron charge.
II. Spectral densities for three-particle functions
The spectral densities for the three-particle functions are determined in the following
way [36]
ρ+(s1, s2, Q
2) =
3
2k3/2
{
k
2
(∆1 +∆2)− k[m3(m3 −m1) +
m3(m3 −m2)]− [2(s1∆2 + s2∆1)− u(∆1 +∆2)][
m23 −
u
2
+m1m2 −m2m3 −m1m3
]}
(II.1)
ρV (s1, s2, Q
2) =
3
k3/2
{(2s1∆2 − u∆1)(m3 −m2) + (2s2∆1 − u∆2)
(m3 −m1) +m3k
}
(II.2)
ρA0 (s1, s2, Q
2) =
3
k1/2
{
(m1 −m2)
[
m23 +
1
k
(s1∆
2
2 + s2∆
2
1 − u∆1∆2)
]
−
m2
(
m23 −
∆1
2
)
−m1
(
m23 −
∆2
2
)
+
m3
[
m23 −
1
2
(∆1 +∆2 − u) +m1m2
]}
(II.3)
ρA+(s1, s2, Q
2) =
3
k3/2
{
m1
[
2s2∆1 − u∆2 + 4∆1∆2 + 2∆22
]
+
m1m
2
3
[
4s2 − 2u
]
+m2
[
2s1∆2 − u∆1
]
−m3
[
2(3s2∆1 + s1∆2)−
u(3∆2 +∆1) + k + 4∆2∆1 + 2∆
2
2 +m
2
3(4s2 − 2u)
]
+
6
k
(m1 −m3)
[
4s1s2∆1∆2 − u(2s2∆1∆2 + s1∆22 + s2∆21) +
2s2(s1∆
2
2 + s2∆
2
1)
]}
. (II.4)
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where
k = (s1 + s2 +Q
2)2 − 4s1s2 ,
u = s1 + s2 +Q
2 ,
∆1 = s1 −m21 +m23 ,
∆2 = s2 −m22 +m23 .
In the Bc → ηc(J/ψ)eν decays, one has m1 = mb and m2 = m3 = mc for the masses.
III. QCD sum rule scheme for three-point correlators
Let us consider the sum rules for the f+(Q
2) form factor
∞∑
i,j=1
f iBc
M iBc
2
mb +mc
f jηc
M jηc
2
2mc
f ij+ (Q
2)
1
(M i 2Bc − p21)(M j 2ηc − p22)
=
1
(2π)2
∫
ρ+(s1, s2, Q
2)
(s1 − p21)(s2 − p22)
ds1ds2. (III.1)
Applying the Borel operators Lˆτ1(−p21) and Lˆτ2(−p22), defined in Section 2, to eq.(III.1),
one derives the following sum rules
∞∑
i,j=1
f iBcM
i
Bc
2
f jηcM
j
ηc
2
f ij+ (Q
2) exp(−M iBc
2
τ1 −M jηc
2
τ2) =
=
2(mb +mc)mc
(2π)2
∫
ds1ds2ρ+(s1, s2, Q
2) exp(−s1τ1 − s2τ2) (III.2)
Introduce the notation
Si =
∞∑
j=1
f jηcM
j
ηc
2
f ij+ (Q
2) exp(−M jηc
2
τ2) (III.3)
and transform the left hand side of eq.(III.2) with the use of the formula by Euler–
MacLaurin [90]
∞∑
i=1
f iBcM
i
Bc
2
Si exp(−M iBc
2
τ1) =
∞∫
Mk
Bc
dMnBc
dn
dMnBc
fnBcM
n
Bc
2Sn exp(−MnBc2τ1)
+
n=k−1∑
n=0
fnBcM
n
Bc
2Sn exp(−MnBc2τ1) + · · · (III.4)
Acting by Lˆτ ′((M
k
Bc)
2) to eq.(III.2) and accounting for eq.(III.4), one gets
∞∑
j=1
f jηcM
j
ηc
2
fkj+ (Q
2) exp(−M jηc
2
τ2) =
=
2mc(mb +mc)
(2π)2
dMkBc
dk
2
MkBcf
k
Bc
∫
ρ(MkBc
2
, s2, Q
2) exp(−s2τ2) (III.5)
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Making the analogous procedure for the sum of the ηic resonances, one obtains
fkl+ (Q
2) =
8mc(mb +mc)
MkBcM
l
ηcf
k
Bcf
l
ηc
dMkBc
dk
dM lηc
dl
1
(2π)2
ρ+(M
k
Bc
2
,M lηc
2
, Q2) (III.6)
Here we have used the property of the Borel operator
Lˆτ (x)(x
n exp(−bx))→ δ(n)+ (τ − b) .
It is not complex to generalize this procedure for the remaining form factors.
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